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Summary
Chapter I gives basic results and definitions for nonsingular varieties, normal 
varieties and canonical singularities.
In Chapter II we give alternative forms of the Riemann-Roch formula for projec­
tive 3-folds with at worst canonical singularities. We show for a canonical 3-fold X 
with x(Ox) «  1 that Fl2(X) > 1. /*m(X) > 2 and K \ > ( - ¿ T .  The last section of 
Chapter II shows that the record of pluridata representing a canonical 3-fold is 
unique.
In Chapter III we find necessary and sufficient conditions for weighted complete 
intersections of codimensions 1 and 2 to be quasismooth. We also give conditions 
for quasismooth surface and 3-fold intersections of codimension 1 and 2 to have at 
worst only isolated canonical singularities. We produce lists of such complete inter­
sections in two different ways: one using these conditions for quasismoothness and 
having only isolated canonical singularities and the second deducing the degrees of 
the generators and relations from the plurigenera via the Poincaré series of the canon­
ical ring.
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Algebraic geometry: the field seems to have aquired the 
reputation of being esoteric, exclusive and very abstract with 
adherents who are secretly plotting to take over the rest of 
mathematics.
David Mumford.
Varieties are the spice of life.
An old Algebraic Geometric proverb.
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Introduction
G eneral synopsis.
In this thesis we discuss the following:
(i) the combinatorics of Reid’s exact plurigenera formula, with applications to find­
ing examples of canonical and anti-canonical models of 3-folds.
(ii) the combinatorics of weighted complete intersections of codimensions 1 and 2 
and various notions of goodness for these intersections.
W eighted com plete intersections.
Du Val, in 1934, classified isolated rational surface singularities which could be 
embedded in A3. These singularities arise in a large number of different ways (see 
[Du]) and in fact are the only canonical surface singularities. Toric geometrical con­
structions lends themselves very nicely to the study of canonical singularities (see 
[Da] for an introduction to toric methods). In particular, isolated hypersurface singu­
larities in A"-''1 can be studied via the Newton polyhedron (see Definition III.3.16) of 
the defining polynomial /. Moreover if /  is homogeneous with respect to some set 
of weights {ao, ..., an) then the hypersurface X : ( f  = 0) c  P(ao> •••* an) can also be 
studied by such techniques. Note that the volume of the interior of the Newton 
polyhedron is related to the genus of X, and the Fine interior (due to J. Fine) is 
related to plurigenera. For complete intersections of higher codimension there are 
corresponding results involving the Minkowski mixed volume (see Definition 01.3.17).
The techniques of toric geometry (e.g. cones, fans, polyhedra) are in practice 
hard to compute for general toric spaces, for example the calculation of the Fine inte­
rior (see [R4, section 4.12]). For weighted projective spaces and general weighted 
hypersurfaces the Newton polyhedra are either simplexes or derived from simplexes 
and so are easier to work with.
A large quagmire of examples of surfaces and 3-folds with canonical singularities 
is provided by weighted complete intersections in weighted projective space. These 
are defined by Dolgachev in [WPS]. Sio in P (l, 1, 2, 5) is a famous example of a 
nonsingular surface with 0)$ = Oy(l), pg = 2 and ■ 1, due to Enriques and stu­
died by Kodaira and many others.
In 1979 Reid first calculated, via a finite tree search, a list of all K3 weighted 
hypersurfaces with at worst canonical singularities; of which there are 93. This and 
other lists of surfaces and 3-folds appear in Chapter III. The lists of canonically and 
anti-canonically embedded 3-folds in sections III.7 and III.8 were generated by a 
computer search program. The search was in order of increasing degree (or increas­
ing sum of the degrees in the codimension 2 cases) and is therefore not a priori fin­
ite. However the examples found were produced relatively quickly using a truncated
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infinite search, after which no more were forthcoming. A number of the searches 
were pursued for an extended time but produced no extra examples. So I conjecture 
that they are complete lists of all well-formed quasismooth canonically and anti- 
canonically embedded weighted complete intersections in codimensions 1 and 2 with 
at worst terminal singularities. Further evidence in favour of this conjecture is the 
list in section m.9, produced via a unrelated method. This table method produced no 
extra examples in codimensions 1 or 2.
An important concept in Chapter III is the quasismoothness of a complete inter­
section X (i.e. the smoothness of the affine cone over X  outside the origin). 
Although used by other authors (for example see [Da, section 14.1] and [WPS]) none 
of them have given combinatoric conditions for a weighted complete intersection to 
be quasismooth. Necessary and sufficient conditions for both the general hypersurface 
and the codimension 2 cases are given in section III.3. Both these sets of conditions 
involve the existence of a sufficient number of distinct monomials in particular 
degrees.
One surprise was the example X \2. u  in P(2, 3, 4, 5, 6, 7) which contradicts 
the conjecture that H°(Q*(-^x)) # 0. I hunted for other examples of complete inter­
sections with this behaviour amongst lists of Q-Fano 3-folds with to* = Ox (a) for 
a  <  —2, but found none.
Section ni.9 uses a method originally used by Reid to produce examples of K3 
surfaces. From the Poincard series of the graded ring corresponding to a weighted 
complete intersection the degrees of the generators and relations can be found. This 
technique uses repeated differencing to evaluate the power series. Using the plurigen­
era formula from section II.4, a Poincard series can be produced from a record of 
pluridata (see Definition n.4.8), which we hope will correspond to a canonically 
embedded 3-fold weighted complete intersection. Likewise we use the anti-plurigenera 
formula to produce anti-canonically embedded 3-folds. Clearly there will be a large 
number of rejected records and hence this method is time consuming.
This process produced all of the lists given in sections III.8 and III.9, along with 
some extra complete intersections in codimensions 3 and 5.
C lassification .
The classification of algebraic curves and surfaces rests on the existence of a 
unique minimal model in dimensions 1 and 2. However the classification of 3-folds 
is not so straightforward.
In 1979 Reid introduced the concepts of canonical singularities and canonical 
models of varieties (see [Rl]). These canonical models are candidates for minimal 
models of 3-folds. Under the assumption that such models exist he developed these 
concepts in [R2]. [R4] is an excellent introduction to such concepts and [Ko3],
[M ol] and [W2] are survey articles on the birational classification of varieties. Start­
ing from 1978 Mori introduced several new ideas, allowing large steps to be taken 
toward the proof of the existence of minimal models.
A. R. Fletcher.
One of the most important differences between the studies of surfaces and of 3- 
folds is the contraction of 1-dimensional subvarieties as well as those in codimension 
1. A class of elementary transformations of 3-folds, now called flops, was used by 
Kulikov in 1977 to study the birational transformations of smooth 3-folds. These 
transformations were extended by Reid to the case of terminal singularities and by 
Kawamata to canonical singularities. Currently Kawamata, Kolldr, Mori, Reid and 
many others are studying other elementary transformations called directed flips.
The existence of a minimal model for 3-folds, unique up to flops, was proved 
by Mori in 1986. This model is allowed to contain terminal singularities and in fact 
it now seems natural to allow minimal models to have these singularities.
T he exact p lu rigenera  fo rm ula .
The Riemann-Roch formula, which connects cohomological invariants with 
geometrical properties of codimension 1 subvarieties on smooth varieties, is a power­
ful tool in algebraic geometry. It is thus reasonable to extend it to varieties with 
canonical singularities and Q-divisors on them, including canonical models. This was 
done by Reid in 1985 (see [R4]), using the Atiyah-Singer Equivariant Index Theorem. 
For any canonical 3-fold X (or Q-Fano 3-fold) this Riemann-Roch formula can be 
used to deduce a formula for the plurigenera (respectively anti-plurigenera) involving 
terms in K \,  x(Qk) and contributions due to the canonical singularities on X. These 
contributions were first calculated numerically from examples of Q-Fano 3-fold 
weighted hypersurfaces. However it was not until Reid produced his formula for 
these contributions (see (R4, Theorem 8.5]) that they were seen to follow any set pat­
tern.
Chapter II of this thesis uses Reid’s extension of Riemann-Roch to deduce pro­
perties of the plurigenera for 3-folds of general type. For varieties of general type 
two natural questions to consider are:
(1) for which n are the plurigenera Pn positive?
(2) for which n are the n-canonical maps birational?
Section 1.7 gives the well-known answers for curves and surfaces. Matsusaka in 1968 
proved that for a canonically polarised 3-fold X of general type, Pn(X) > 0 for all 
n > 3 and ^ nKx is birational for all n > 25. These questions for 3-folds of general 
type are answered in a limited sense in section II.4.
The plurigenera formula leads to the following question: given a canonical 3-fold 
X, are the invariants K \, X(Qr). Pg(X) and its basket of singularities uniquely deter­
mined by the complete list of plurigenera (/*„(X))? This is answered in the affirma­
tive in section II.7 by purely arithmetic methods. It is not known if there is a more 
intrinsic proof of this fact Corresponding statements can be made for the case of 
Q-Fano 3-folds since the plurigenera formulas are very similar.
The first step in the process of isolating these invariants is to calculate the glo­
bal index R (see Theorem II.7.3). This step however requires all the plurigenera. 
Consequently it leaves something to be desired as a practical method of determining 
the invariants of X. After this step only a finite number of plurigenera are needed.
Plurigenera of 3-folds and Weighted Hypersurfaces. -9-
and if some other way of limiting the global index can be found this technique could 
be used practically.
Given that a canonical model X exists for some 3-fold of general type it is thus 
theoretically possible to calculate the invariants K \,  X(Qk). PgQC) and its basket of 
singularities uniquely from the plurigenera of the original 3-fold.
A. R. Fletcher. -10-
I
Preliminaries.
L I Pream ble
This chapter contains the basic notation used throughout and some well-known back­
ground properties of algebraic varieties of dimension < 3. A solid introduction to algebraic 
geometry is [Hart].
Section 1.6 contains an extension of Kodaira vanishing to canonical 3-folds; an exten­
sion which has gone into folk lore without being written down.
1.2 Notation
A variety V is a projective variety of dimension m over an algebraically closed field k 
of characteristic zero.
k* is the multiplicative group of nonzero elements of k.
Z, Q are the rings of integers and rational numbers respectively.
Z, is the abelian group (0,...»r -  1} under addition modulo r.
Z* is the group of units of Zr under multiplication.
( a , ...»b , .... c) is a list with the element b omited. 
denotes the greatest integer n < x «  Q.
4>(n) is Euler's function (i.e. the number of positive integers less than n and coprime to a).
Am is affine m-space.
P" is projective m-space.
P(a0. ...»a « )»» used to denote a weighted projective space of weights Oq..... a„. When no
ambiguity can arise this will be simply be denoted by P.
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V° is the nonsingular locus of V. 
k(V) is the function field of V.
Oy is the sheaf of regular functions on V. 
fly- = Qv/a *s sheaf of regular 1-forms on V. 
fly = is the sheaf of regular n-forms on V.
OV is the sheaf of regular canonical differentials on V°.
Ky is the canonical divisor corresponding to tiv = Ox(Kv ).
Let £  be a coherent sheaf on a projective variety V. Then we write 
hl(L) «  h‘iV, L) = dim H*(£) and
Let D be a Cartier divisor on V. Then
*'(£>) = * ‘<CV<D)) and
X(O) = X(CV(0)).
Let ?  be a locally free sheaf of finite rank. Then '}* = Hontcv(^ CV) is the dual sheaf of 7. 
If iFis of rank 1 then z  Oy.
Let H be a vector space. Then H’ is the dual of H.
The geometric genus pt (V) = h°(Sùy).
Pn = h°(V, tOy ") is the mlh plurigenus. For negative n these are referred to as the anti- 
plurigenera.
4>/. is the rational map corresponding to the sheaf L.
«  the morphism corresponding to the sheaf Oy(nKy).
1.3 Form ulas for N onsingular V arieties.
1.3.1 Riemann-Roch.
For a divisor D ona smooth curve C we have:
X(D )«degO +x(Cfc).
For a divisor D on a smooth surface S we have:
D (D -K S)
X t f » - -------z — ^  + XlO!)-
For a divisor D on a smooth 3-fold X we have:
D(D -  Kx )O D-Kx ) D c 2
X U » - — ----- j y ------- £ i  + - Ï 2 i  + X(Qr).12
\1.3.2 Adjunction Formula.
Let Y c  X  be a smooth codimension 1 subvariety on a smooth variety X. Then 
toy = (to* ® Ox(Y)) ® Oy.
Equivalently
ffr - ( r + * j r ) i r
1.3.3 Serre Duality.
Let V be a projective Cohen-Macaulay m-dimensional scheme. There exists a coherent 
sheaf toy, called a dualizing sheaf for V, such that for every locally free sheaf on V there 
exists natural isomorphisms:
H‘0 ',  7) *  H '- 'iV . y* •  ClV)'
(see [Hart, Corollary m.7.7, p 244]). If V is non-singular then toy = fly.
1.3.4 Kodaira Vanishing.
Let V be a projective smooth variety of dimension m over k and £  be a ample invertible 
sheaf on V. Then
H‘(V .£® civ) = 0
for all! > 0, and
» (V , £ * )«  0
for all! < m (see [Hart, Remark I1I.7.15]).
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1.4 Norm al Varieties.
L4.1 The Canonical Shear.
Let V be a normal variety and j  : V° —> V be the inclusion map. The following defini­
tions are equivalent (see [Rl, appendix to section 1]):
1.4.2 Definition:
(i) to y -y ,  toy
(U) t o y  =  [ j £  Q fc(y ) /k  : s is regular in codimension 1).
(IU ) « y - (Q P )* * .
1.4 J  Note. If V is nonsingular then these agree with the usual definition of toy = Qy.
L4.4 The Canonical Divisor.
toy is a divisiorial sheaf (see [Rl, appendix to section 1 Theorem 7j) and so there exists 
a Weil divisor Kv such that Oy(Ky) ■ toy (see [Rl, appendix to section 1 Theorem 4]). This 
divisor is called the canonical divisor o f V. This is a Q divisor and is Cartier outside the 
singular locus.
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1.4.5 The Canonical Model.
Let V be an m-dimensional variety of general type.
L4.6 Definition: The canonical ring R (V) o fV  is:
K(V) = © H°(V, nKv ).ii >0
Assuming that R(V) is finitely generated then the canonical model X o fV  isX  *  Proj R (V).
The canonical model is normal and will have at worst canonical singularities. For a 
curve the canonical model will be smooth, and for a surface it has at worst Du Val singulari­
ties.
1.5 S ingularities.
L5.1 Canonical Singularities.
Let V be a projective variety. V has at worst canonical (respectively terminal) singular­
ities if
(i) there exists an r  > 1 such that rKy is Cartier.
(ii) i f / :  W —)  V is a resolution and (£.) the exceptional prime divisors then
rKw =f*(rKv) + '2jiiEl
1
where a/ > 0  (respectively a* > 0).
The least such r  is called the global index of V (usually written R).
Similarly there is the corresponding local definition of a canonical (respectively termi­
nal) point P « V. The least such r  is called the index o f P in V.
1.5.2 Definition: Suppose V is a projective variety with at worst canonical singularities. V 
is a canonical variety ifK yis  ample; V is a Q-Fano variety if-K y  is ample.
L 5 J  Du Val Points and Surface Singularities.
Let 5 be a surface. A Du Val point P « S (also called rational double points, Klein 
singularities, etc.) is characterised by the following 2 conditions:
(i) cOg is invertible at P,
(ii) t t f .W  —> S is a minimal resolution of P then/*  00$ -co*.
Clearly, Du Val singularities are surface canonical singularities of index 1. There are many 
other characterisations of these points (see [Du]). An alternative definition is the following:
P « S is locally analytically isomorphic to A2 / G, where G is a finite subgroup of
& a(k).
In particular the group G = Z„tl acting via:
u —Hu
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v —>e *v
where u, v are coordinates on A2 and e is an (n + l)th root of unity. This gives rise to a 
singularity of type AH:
An: x 2 + y 2 + z"+1 = 0  
in A3. The other types of Du Val point are:
Dn: x 2 + y2z + zH~l = 0 fo rn > 4 ,
E6: x 2 + y3 + z4 = 0  
E r .x 2 + y 3 + yz3 = 0  
E g .x 2 + y3 + z 3 = 0  
L5.4 Canonical 3-fold Singularities.
Terminal 3-fold singularities were classified by Reid, Danilov, Mori, Morrison and 
Stevens (see [R4, section 6]).
1.5.5 Theorem: The 3 dimensional terminal singularities are the following:
(i) smooth points;
(ii) isolated singularities given by an equation o f the form f  (x, y, z)  + tg (x ,y , z, t), where 
f  is one o f those listed in M 3 ;
(iii) a few o f the cyclic quotients o f cases (i) and (ii), o f  which there is a complete list (see 
[R4, section 6.1]).
In this thesis we will only be considering cyclic quotient singularities.
1.5.6 Definition: Ijet r ,a \ , .... a„ be positive integers. Let e be a primitive rth root o f unity 
acting on An via
e d i ................................ e 'x . ) .
A singularity Q uX  is o f type -i-(o,..... a .)  if  VI. Q) is isomorphic on an analytic neighbour-
hood to (A", 0) / <e> (see also [R4, 4.2] for notation).
1.5.7 Note. The type of a singularity is unique up to multiplication of the a, by a unit of Zr 
and permutation of the coordinates.
We have the following theorem from [R4, section 4.11]:
1.5.8 Theorem: A cyclic quotient singularity o f type y ( a  i , an) is canonical (respec­
tively terminal) if and only if:
r  i
(respectively > \)fo r  a l l k » \ ..... r -  1, where kat denotes residue modulo r.
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By the Temiinal Lemma (see [R4, section 5]) the only canonical cyclic quotient surface 
singularities are of the type y ( l ,  -1 ) for r  > 1. Similarly the only terminal cyclic quotient 
3-fold singularities are of the type y ( l ,  -1, b) for r  > 1 and b coprime to r.
A singularity of type ■—(1, -1, b) is of index r.
L5.9 Note. A 3-fold singularity which is locally analytically isomorphic to A* x P, where 
P  is a Du Val surface singularity, is canonical.
1.6 K odaira  Vanishing for Canonical Singularities.
We have the following theorem due to Kawamata and Viehweg (see [W2, Theorem 
2.4]).
1.6.1 Theorem: Let X  be a smooth projective variety and D be anef, big Q-divisor, whose 
support has at worst simple normal crossings. Then
H'(X, Q ,« *  + r f l »  = 0
fo r  all i > 0 where \ 1% is the round-up o f D.
We use this to prove the following version of Kodaira vanishing.
1.6.2 Theorem: Let Y be a canonical m-fold. Then
H‘(Y. O ,{nK ,))-0
fo r  a l i i  >0 and n > 2.
Proof. Let f  .X  —> Y be a resolution such that f*K y  is supported on a divisor with only 
simple normal crossings. Let {£<} be the exceptional prime divisors. Let D *  (n -  1 )f*Ky 
for some n > 2. Then D is a nef, big Q-divisor since Ky is ample. So by the above theorem:
H‘(*. Qx(Kx + f i t  ) = 0
for all i > 0 and
K‘f .O ,(K x + \ Q ) - 0
for a l i i  > 0. Therefore there exists natural isomorphisms
H‘cx, OxiKx + rfl )) • H‘O', /, Ox(Kx + rfl »
Define the Q-divisors A and *D by:
rm - ( n - i i r K r + A  
v - K x *  r a .
Since Ay is Cartier away from the singular locus, A has support only on the exceptional
A. R. Fletcher. -16-
divisors {£,•} o f /.
As / i s  a resolution of a canonical variety
K x - f K r + b
where A = d,E,- and d, e Q, d, > 0. So
/ * Qr(iP) = / * Cbr(/*^r + A + (« -  D f*Kr + A)
-/•Q r(n /*A :r  + A + A).
The Q-divisor A + A is completely supported on the exceptional locus (i.e. 
(A + A),r . r . - 0 ) .  So
r( l '° . / .  -  n r '  r ° . Ox(nf*Kr + 6  +A))
-rcr'l'0. W nTKr))
- n r a. f .o m ^ » K , ) )
- n r ° .  Oy(nKy))
As the two divisorial sheaves f mOx(<D) and Oy(nKy) agree on an open set whose compli­
ment has codimension >2 then they are equal (see [Rl, Proposition 2 in the appendix to sec­
tion 1]) Therefore
Hi( i \  oy(nKy)) -  h 'o ', / ,  ox m ) - o
for all J > 0.
□
1.7 The n-canonical maps
Let V be an m-dimensional variety of general type. There are 2 natural questions:
(1) when is genetically finite?
(2) when is 6njrv birational?
[Wl] answers this in the case of canonically polarised 3-folds (i.e. smooth and Ky ample) 
and gives the following table.
V n : Pm(V) > 0
genetically
finite
birational
curves of general type 1 1 1
smooth surfaces of general type 2 3 3
canonically polarised 3-folds 3 8 23
The result for canonically polarised 3-folds was originally proved by Matsusaka. The 
question for canonical 3-folds X with X(Qr) < 1 ** answered in section II.4.
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We have the following due to Hanamura (see [Han, Theorem 3.4]):
L7.1 Theorem: Let X be a nonsingular 3-fold o f general type which has a minimal model 
of index r. Then (J)^ is birational for all n >N where
9 if r  *  1 
13 i f r « 2  
4r + 4 if 3 < r  < 5 
4r + 3 if r  > 6
This approaches the main question in section II.4 by fixing the global index instead of 
X(Qr).
1.8 M inim al models
1.8.1 Definition: The canonical ring R(V, Ky) o f a variety V is given by:
R(V, Ky) ■ ® H°(V,/v*V). 
iv >0
The Kodaira dimension KiV) o fV is  trdegk/? (V, Ky) — 1.
An alternate definition of Kodaira dimension is that it is the maximum dimension of the 
images Note that Kodaira dimension is a birational invariant and that it takes
values in the range -*®, 0 ,.... dimV. Varieties which have Kodaira dimension equal to their 
dimension as said to be of general type.
We have the following in dimension 1 (see [Hart, Section 6 p. 422]):
1.8.2 Theorem: Let C be a curve o f genus g. Then 
(i) k(C) = -•*> i f  and only i f  g =0.
(U) K(C) = 0 t f  and only if g -  1.
(Hi) k(C) -  1 i f  and only ffg  > 2.
Every birational class has a unique nonsingular projective curve in P3.
For surfaces (see [B] for a comprehensive study of surfaces) we have:
1.8.3 Theorem: Let Sbe a surface. Then
(I) US) • —  if  and only i f  Pm(S )» 0 fo r  all n > \. if  and only if S is ruled (Enriques' 
Theorem).
(li) K( S ) -O if  and only i f  Pm(S) ■ 0 or \ fo r a l ln > \ and -  1 for some N.
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(iii) k(S) = 1 if  and only if Pn (S) > 2 for some N > 1 and 4»«*, (S) is at most a curve for all n.
(iv) K(S) = 2 If and only if $nk, (S) is a surface for some N.
For birational equivalence classes with Kodaira dimension #-«> there is a unique 
minimal nonsingular model. Let 5 be a surface with k(S) * -« »  and let tc:S —> 5. be a 
resolution of singularities. By contracting all the (-l)-curves on 5 via a : 5 —> 5, the 
minimal model 5 is obtained.
S
It is well known that this is unique and the order of contraction of the.(-Incurves does not 
matter. For surfaces of general type, contracting the (-2)-curves on S gives the canonical 
model (with possibly Du Val singularities).
For 3-folds the classification is under current study. We have the following result by 
Mori in dimensions at most 3 (see [Ko3, 13.1]):
1.8.4 Theorem: Let X be a projective variety with dimX < 3. Then X is birational to a pro­
jective Q-factorial variety Y. which has at worst terminal singularities, such that one o f the 
following holds:
(i) Y admits a Fano contraction f : Y —> Z (i.e. f  is the contraction of a negative extremal 
ray and dimZ < dim K),
(U) Kyisnef.
For a given X only one o f these cases occurs.
For 3-folds this Y is not unique, although the types of the terminal singularities, which 
occur on Y, are unique.
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i i
Plurigenera of 3-folds.
n.l Pream ble
The aim of this chapter is to show how to calculate x(É\(fl*x)) a function of some 
data, which we call a record, of a projective 3-fold X with only canonical singularities. 
Theorems II.2.2 and II.2.4 give four equivalent formulas for xCQxi^x))-
The main application of these results (Theorems II.4.6 and 11.4.7) are that P\2  > 1 and 
Pn > 2 for a canonical 3-fold X with x(Qr) = I- This can be compared with surfaces of gen­
eral type (see also section 1.6).
Sections 1 -  5 of this chapter have been published as [FI.
Section 6 describes results for the anti-plurigenera of Q-Fano 3-folds. Section 7 solves 
the ‘inverse’ problem of knowing how the plurigenera determine the record. However at 
present this result is ineffective in the sense that it only allows the record to be determined 
from the infinite list of plurigenera.
II.2  C on tribu tions to  R iem ann-Roch
Throughout section 2 we assume that X is a projective 3-fold with only canonical singu­
larities.
II.2.1 Definition: Suppose Q is a singularity o f type ~a < 0  w^ re r aru* a are
coprime. Then Q is also o f type where haul mod r. and Is a terminal singular-
ity (see Theorem IS .8). Fix a primitive nth root o f unity, t  and define
0 ( 0 <l-**Xl-«*‘ X1-c',‘ >
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This is a rational number independent of the choice of e (see [R4, sections 8.7,.... 8.10]).
By [R4, section 8.6] we have the following:
II.2.2 Theorem: There exists a list ® o f types o f 3-fold cyclic quotient singularity such that
D.23  Note. This list ‘B of types is called a basket of singularities and is not necessarily a 
list of the singularities actually occurring on X. However the singularities of X make the 
same contribution to xC Q xi^x ) )as those of the basket (see [R4, 8.2]).
For example the 3-fold P(l, 2, 3,4) has an isolated singularity of type y(2 , 1,1) at 
[0,0, 1,0], a line of singularities of type A \ along the line [0,x ,0 ,z ]  and a non-isolated 
singularity of type y ( l ,  2, 3) on that line at [0,0,0, 1]. The basket of singularities represent­
ing this 3-fold contains 1 of type y(2, 1, 1) and 2 of type y ( l ,  1,1). See section III.2 for 
definitions and examples of weighted projective spaces.
This formula can be written in different forms; some more useful than others depending 
on the application.
II.2.4 Theorem: For all n
(1): x(Ox(nKx) ) .
+ £  y « J « 2 .n ) -o (e .0 ) ) ,
kk'K x CtW ) 
12
Qe<8 r
fo r all n, where n : Y —> X is a resolution.
(2): x W * » ) )  -  + x(Q t) + nK 'K xC ity)
12
where x  denotes the smallest residue modulo r.
(3): x (O xW x)) -  ' } K l + (1 -2 » « (O ,)
where denotes the integral part o f x.
(4): x(Qx(”K x» -  &  ‘j  KÌ * d-2nyx(Q x)
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for n < (rib  + 1). This reduces to the closed formula for b = 1.
II.2.7 Corollary: The correction term, i(n) is non-negative for n> 2, and /(0) = 0 = /(l). 
Moreover if X has at least one singularity o f index * 1 then l(n) is strictly monotonic 
increasing for all n>  1.
Proof. The correction l(n) is formally equal to a sum of HQ, n) for some basket of singu­
larities Q, each summand being strictly positive for n>2.
11.2.8 Note. By use of Serre duality and version (4) of the formula, /(«) can be extended 
for negative n by:
/( - !« )« -/(*  + 1)
for all n > 1. Compare [R4, exercise 8.11].
II.3  Technical Lem m as
The following lemmas are used in the next section.
II.3.1 Lemma: For all m > 0  and n > 1
/ (m +2a) > / (m) ♦ n l(2)
with equality if and only if all the singularities are of type y ( l ,  1, 1).
Proof. It is enough to prove this for a single singularity Q of type —(a , - a ,  1). Let b a u  1 
mod r  and define
8i »  ]b(r-]b) + (7+IjS(r-(7TI)5) -  b(r-b).
So 2r(l(Q , 2n) -  HQ, m) -nH Q , 2))
= " * £ ’  b k (r -b k )-n b (r -b )
□
Consider the individual 8,, and let a  = jb. There are 2 cases to consider:
(i) a  + b < r. Then (j+ \)b  = a  + b and so 6y = 2a(r-a -b ) > 0.
(ii) a  + b > r. Then C/+l)8 = a  + b -  r and so 8, = 2(r-a)(a+ ft-r) > 0.
Thus 8y > 0 for all J > 0.
□
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I I .3 J  Lemma: Suppose a  > flare integers. Then
(1, -1 ,1 ), a )  > « 4 -  0 .  ■- I .  IX «) a  -  p
for all n < 0 < o.
Proof. This comes straight from Note II.2.6.
□
11.3.3 Lemma:
/ ( -  (a, -a ,  1), n) > / ( -  (1. -1 ,1 ). n)
for all
I £ I
Proof. For any a , l ( \  (a, -a , 1), n) is a sum of terms taken from the list ,
is such a summand3(r-3) 2r * ^ 2 ~'* each term occurring at most twice. Suppose
occurring in l ( - ( a , - a ,  1), n). Then there is an integer k such that \< k < n -\  and either 
bk = t or bk ■ r-f. So either k = r -a i  or k = at. But only one of these solutions satisfies 
k < n < \ . and so each of the summands where
occurs only once in /(-£- (a, -a ,  1), n). Since
r - 1 c 2(r -2) u(r-u)
2r 2r 2r  ’
U - l a . - a ,  lX « )> " t ‘ l).»).
r  km \ T
II.3.4 Corollary: For all a, p e Z with 0 < P < a  and for all n < , we have
/( -J - ia .-a . 1), «).
a  P
II.3.5 Definition: Define A .(C )« n J/(C , 2) + /(fi, n ) - / ( 0 .  n+1) and A„ = £ e A„(C), 
The purpose of this definition will become clear in Lemma D.4.10 and Corollary II.4.11.
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Proof. Clearly A„(Q) = (n2b(r—b) — nb(r—nb)) I 2r. Letx =
II.3.6 Lemma: A„(Q) is an integer for all types of singularity <
. Then
A. (e )  = i i i z l 2 . r  + i i 2 ± t ? i i i> 
2 2
• ( > + [ 0 - ^ b
This is an integer. Notice that this particular value of x  minimizes the above expression.
n .3 .7  Note.
&i(Q) = tnin(r -  b, b),
Aj(Q) = min(3r -  3b, r, 3b),
A<(Q) = min(6r -  6b, 3r -  2b, r  + 2b, 6b),
A5(C) = min(10r -  10b, 6 r -  5b, 3r, r + 5b, 10b), etc..
The following two lemmas will be of use in section II.7
II.3.8 Lemma: Consider a periodic function f : Z —> Q with exact period r. Consider 
the differenced function 8 / ( n )= /(n + l) - / (n ) .  Then 8 /  is periodic with exact period r. 
Proof. 8/(n+r) = /  (n+ r+1)-/ (n+r) = 8 / (n). So 8 / is periodic, with period dividing r. 
Conversely suppose 8 / is periodic with period s.
11.33 Lemma: Let Q be a basket o f isolated terminal 3-fold singularities. Then 
83/(n ) ■ /(«  +3) -  31 (n +2) + 3/(n + l) -  /(a) /o r  r/uj basket has exact period R, the global 
period o f *B.
□
/  <«•)=/«» + £  8/(m)
fora > 0. Thus
/ ( « + , ) = / ( 0>+ £  S/(m)
= /( « ) +  Z
□
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5/(«) = z
Qe «
nbQifQ-nbp) 
2rQ
has exact period R = 1cm (tq). Thus, by the above lemma, 83/ (n) has exact period R. 
0 « f
n.4 Non-zero P lu rigenera  fo r canonical 3-folds
The main question in this section is to find an integer n such that PH(X)>  1 (or 
Pn(X) >2) for every canonical 3-fold X. When pg(X) > 2 this question is easily answered 
(i.e. Pn > 2 for all n > 1). As
X(Qr) = 1 -  h 1 (Ox) + h 2(Ox) -  pt (X)
then x(Qf) > 2 implies that h2(Ox) > 1; for which it is hoped that other results are possible.
If h 2(Ox) = 0 then X(Qr) < 1» which is the case dealt with in this section. This is an 
important situation since h 2(Ox) = 0 whenever X is a weighted projective complete intersec­
tion (see Chapter ID).
In this section assume that X is a canonical 3-fold, i.e. a projective 3-fold with only 
canonical singularities and Kx ample. The main results of this section are Theorems II.4.6 
and n.4.7. For a different approach see [Han].
Standard use of vanishing (see Theorem 1.6.2) gives
U.4.1 Theorem: For all n > 2
= h°(Ox(*Kx)) -  x W n K x))
Thus for all n > 2
where / (n) is defined in Definition II.2.5. Notice that the term involving X(Qr) die only 
one which can be negative.
II.4.2 Theorem: X(Qf) = 0 t i^en f or * > 2  and Pn >3 for all n>  4. If
X(°x) < 0  then pn > *  for all n>  2.
Proof. When x (Q r) = 0 then it is clear that Pn > 1 for all n > 2. We have 
/>. > P, -  2 /i  + 6*rif + /(4) -  21Q)
for all n > 4. By Lemma 11.3.11(4) > 2/(2) and so Pm  > P, > 3 for all n > 4.
□
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We have the following due to Kollfr [Kol, Corollary 4.8]:
II.4.3 Theorem: Let X be a 3-fold o f general type. IfP ^X )  > 2 then the (7 k + 3 )-canonical 
map is generically finite and the (1 lit + 5)-canonical map is birational.
The above theorems give:
n .4 .4  Corollary: When x(Q r) = 0, the 31-canonical map is generically finite and the 49- 
canonical map is birational. When X(Qr) <0 the 17-canonical map is generically finite and 
the 27-canonical map is birational.
Reid pointed out the following:
11.4.5 Lemma: Let Z be a canonical m-fold and suppose that the n-canonical map is gener­
ically finite. Then (nKz )m > 1.
Proof. Let / :  Y —> Z be a resolution of the base locus of \nKz  I. Define L =f*nKz . 
Then L  is a nef Q-divisor and
L = M  +F
where IM  I is a free linear system and F is the fixed part of L. Notice that /  includes the 
fractional part of L and is effective. Also M is nef. So 
L ‘Mm - * -  IS  - 1 (M + L)Mm - *
since F  is effective. Induction gives Lm >M m. As : Z —> P* is generically finite, 
(nKz r  =Lm >M m= deg deg ^ (Z ).
Since deg 0*# > 1 and deg 0u(Z) > 1. then (nK/)m > 1.
□
So if x(<%) = 0, then K \  > (-¿-)3 and if x«%) < 0 then K} > (-¡L)3.
The rest of this section attempts to generalise this type of result to other values of 
X(Og). Kollir pointed out that for any x = X(Qr) *hcrc >s an n (x) such that PH(X) > 1, but his 
values for n(x) were huge. We shall calculate a reasonable (and perhaps best possible) 
bound for x = 1.
11.4.6 Theorem: //X(Qr) = 1 then P\2  > 1.
11.4.7 Theorem: I f  X(Qr) = 1 then P^a > 2.
By II.4.3 it follows that for X(Qr)“  1 168-canonical map is generically finite and 
the 269-canonical map is birational. Thus K\ > These two theorems will be proved
after some preliminaries.
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11.4.8 Definition: A record (or a formal record of pluridata) X  is a collection K 3 e Q, 
X € Z. pg € Z > 0, and a basket {Q} o f singularities. The plurigenera {/»*} o f X  are given 
by (*). The pluridata o fX  is the data K \, x(Qr), pv  and its basket {Q} o f singularities (see 
Note II23 ).
11.4.9 Example. Consider the formal record of pluridata X; K 3 = x =  1; Pg = 0; and 
singularities: 2 of type y ( l , l ,  1), 2 of type -i-(2,1,1), and one each of types -j-(3,1,1), 
-i-(3,2,1), and y (5 ,2,1). In this case the plurigenera are:
n Pm n PH n /*„
1 0 9 0 17 1
2 0 10 0 18 2
3 0 11 0 19 2
4 0 12 1 20 3
5 0 13 0 21 3
6 0 14 1 22 3
7 0 15 1 23 4
8 0 16 1 24 5
It is an interesting open question to know if there exists a canonical 3-fold with this record.
11.4.10 Lemma: For all formal records o f pluridata (not necessarily coming from a 3-fold 
X) the following are equivalent:
(1) Pi is an integer
(ii) Pn is an integer for n >2 
(Hi) K 1 m -21(2) mod 2Z
Proof. By differencing (*) and using (*) with n = 2 to eliminate we get;
P. . 1  -  P. -  n 2Pi *  (3nJ-2)x(£V ) -  A„
for all n > 2 and where A* is given in Definition n.3.5. (ii) follows from (i) by induction and 
Lemma II.3.6. (i) and (iii) are clearly equivalent.
These difference equations give rise to 4 equalities which will be used in the proof 
Theorem II.4.6.
11.4.11 Corollary:
(/)  / ^ - 5 / ^ - l O x - I ^ M C )
(2) /’4 - ^ - 9 ^ « 2 5 x - I 0 Aj (C).
(3) /*6 - /» 4 - 4 1 ^ - 1 1 9 x - L 0 (A4(Q)^As(0))
(4 )  Pi2 -  /»« -  451/^ -  1341X - I g  (A«(Q) +  ... ♦  A „(Q)).
(3) Pn — P\i — 3818/*i ■ 11430X (A 12(Q) ... A^ (Q )).
So the condition Pi «  0 ■ Pi limits the number o f singularities present.
s, 
□
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Proof. Substituting n = 2 in the proof of the previous lemma
/ * - / * - 4 / *  = 10x -E A 2<0).
Q
Similarly for (2), (3) and (4). Suppose that /* = 0 and P, *  0. Then (1) gives 
10x = 2gA 2(Q). As A2 (Q) > 1 for each type of singularity, then there are at most 10x 
singularities present.
n.4.12 Lemma: Suppose the pluridata X  contains a singularity o f index r where: 
(12X-1K24X-1)
r - ' *  2 (6 x -l)
Then P\2% > 1.
Proof. Suppose there is a singularity Q present of index r >s. Let Q ' be a singularity of 
type - i - d . - l ,  1). Then
/(12X )>/«2. 12X)
> / (G', 12x) by Corollary n.3.4,
12x (12 x -1 X 3 j + 1 -2 4 x )
"  12j
"(24X-1)X
SoPi i l > \.  ^
The above corollary and lemma allow an explicit nx to be calculated such that Pn% > 1 
fo rx -X (Q r).
11.4.13 Proof of Theorem II.4.6. Suppose X(Qr) * 1 and let the pluridata of X be 
X= 1, JC}, In lac* we will prove 1,181 pn  is non zero for any pluridata X  with
X = 1 and K 3 >0. So if this record of pluridata corresponds to a canonical 3-fold X, then 
A l< * )> l.
Suppose that x  = I. > 0, (&)*.o * is a record of pluridata such that P\ 2 = 0. Since
P\ 2  is zero, so are pg. Pi, Ps, P4 , and P6, and hence this fixes K 3 and limits /(/») by 
AT* « 2(3-/(2)) >0. Define T,(S<) « AjiSJ. r 2(S,) -  A3(S<), r 3(S,) -  A^S,) + A3(S<). and 
r 4(S<) * A6 (Si) + ... + An  (Si), for all i = 0,.... n. By Corollary H.4.11
a )  i n c s ^ - i o .
t-o
(2) £ r 2(S<) - 2 5 .
IM)
(3) £ r 3( S ,) - U 9 .
1-0
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(4) f  r 4(S,)-1341.
i=0
As Ti (S ) > 1 for any singularity S, then there are at most 10 singularities present in the pluri- 
data. By Lemma n.4.12, any singularity appearing in the pluridata must have index less than 
26. Hence there are only a finite number of possible combinations of singularities for this 
pluridata. Appendix II. 5 lists the 100 singularities of index less than 26 with the correspond­
ing values of Ti, I j t  IV  and r 4 for each singularity.
Using the ordering of types of singularities in Appendix II.5, let nj be the number of 
singularities of the yth type Sj and r , t j  = T,(Sy). Let T be the 100 x 4 matrix (Ti.j)- Then 
the 4 equations are given by
(n ,..... i» ,o o )r* (1 0 .2 5 .119, 1341).
Column reducing T via the matrix E
E
gives
3 - 2 - 4  -1C 
-1  1 -3  -16 
0 0 1 - 7  
0 0 0 1
«too) r - ( 5 . 5,4, 8).
where P  = T£. The matrix P  = (T i.j0 is given as the last 4 columns of appendix H.5. This 
gives 4 new equations:
(5) £ lV ( S ,) «  3.
i=0
(6) £ lV ( S ,) - 5 .
i=0
e7) f i v e s , ) «4 ,
i-O
(8) f r / e s , ) « ^
¿=0
By reference to Appendix II.5, there are types of singularity which have IV  > 8. These 
singularities can never satisfy e8) and can be deleted from the list. Likewise for those singu­
larities with IY > 5 , IV  > 5, or IV  > 4. This reduces the number of types of singularity to 
just 36.
Suppose there is a singularity S 0 present with IV  = 8. Then there are 2 cases;
(i) IV(So) = 2. Thus 2 singularities S i, S 2 of type -|-(3. 2, 1) are required to satisfy (3). 
So r 2'(So) < 3 and r , '(S 0) < 3. So S 0  is of type -¿-(7, 3, 1) and a further 3 singulari­
ties of type y ( l ,  1, 1) are required.
(ii) IV(So) = 3. Then So is of type y(4 , 1, 1). So a singularity of type y (3 ,2,1), 3 of type 
y ( 2 ,1,1) and 4 of type y ( l ,  1, 1) are required to satisfy the equations.
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Suppose that r 4'(So) = 7. Now there are no types of singularity with IV  = 1 and so (8) 
can not be satisfied. So any singularity S with r 4'(S) > 7 can be deleted from the list.
By considering each value of r 4'in decreasing order, exactly 2 more solutions are 
found;
(iii) 2 of type y ( 3 ,1,1), 3 of type -i-(2,1,1), and 5 of type y ( l ,  1,1);
(iv) 1 of type y ( 3 ,1,1), 2 of type -i-(5, 3,1), and 3 of type y ( l ,  1,1).
In all 4 solutions (i) - (iv) /  (2) = 3 and so Af3 = 0, a contradiction. So there are no pluri- 
data with % = 1, AT3 > 0  and /fa = 0. This proves Theorem II.4.6.
□
II.4.14 Proof of Theorem II.4.7. Consider a record with x = 1 and K 3 >0. As /fa  > 1 
then /fa > 1. Assume that /fa = 1. Thus Pi, Pi, 4 ,  and 4  are either 1 or 0. From the pluri- 
genera formula (*) we have
4  = 2Pi + 6K 3 -  1 + /(4) -  2/(2)
> 2 4 - 1 .
So if 4  = 1 then /fa  > 1. Hence we can assume that 4 = 0 .  There are 6 cases:
(i) 4  = 0 ,4  *  0» and 4 * 0 ;
(ii) /»6 = 0 ,4  = 1, and 4 = 0 ;
(iii) 4  = 1 ,4 = 0 , and4 = 0 ;
(iv) 4  = 1 ,4 * 1 .  and 4 - 0 ;
(v) 4  »  1 ,4 = 0 ,  and 4 - 1 ;
(vi) 4  = 1 .4  = !. and 4 * 1 *
Using Corollary II.4.11, these give 4 equations for each case.
Also /fa = 1 and so /(24)<48. Hence any singularity occurring in the pluridata has 
index less than 25.
Using the same techniques as in the proof of Theorem II.4.6, the only pluridata with 
/fa  = 1 are:
(i) I o fty p e -i-(7 .5 ,1), 1 of t y p e 1,1), 2 of type - i - f t1.1) wx) 2of type-l-(l. 1,1);
(ii) 4 of lype -¿-(5, 1,1) and 6 of type y ( l ,  1,1);
(Hi) 1 of type -^ -(5, 1. 1). 4 of type | ( 2 ,  1, 1) and 5 of type |( 1 ,  1. 1).
II.4.15 Theorem: / / x ( 4 )  = 2 then /fa  > 1.
Proof. Using the notation of II.4.13, assume that /fa  = 0 for some record X. So pg. Pi, Pi,
4 . 4 . 4  and 42  ^  all zero. By Corollary II.4.11
(1) i r , ( S <) - 2 0 .
14)
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(2) £  r 2(5() = 50,
(3) £ r 3(Sj) = 238.
1=0
(4) £  r 4(S,) = 2682,
(5) £  r 5(S,) = 22860,
1=0
where r$(jSj) = A^CSy) +... + A&(Sj).
The index of each singularity present in the record X  is limited by Lemma II.4.12,
<24- 1X48- 1) 
r  2 (1 2 -1 ) < X ‘
Repeating the elimination process (as for II.4.13), we And that no record X  with positive AT3 
and zero A 4 is found. This proves the theorem.
0
II.5 A ppendix to section II.4.
The following table gives the values of T, and I*/ for each type of singularity with 
index less than 26. These are used in the proof of Theorem II.4.6.
No. Singularity r , r 2 r 3 r 4 r r r 2# r 3' r 4'
1 f a  1 . 1) 
{<2, 1 . 1)
f  <3.1. 1) 
f  <4,1. 1) 
{ (3 ,2 .1 ) 
{ (5 ,1 . 1)
f  (6.1, 1)
|( 5 .  2, 1) 
{(4, 3, 1)
f a  >. 1)
f  (5, 3. 1)
f  <8.1, 1) 
f a n )
f  (5. 4, 1)
1 2 10 112 1 0 0 0
2 1 3 13 149 0 1 0 0
3 1 3 15 167 0 1 2 4
4 1 3 16 178 0 1 3 8
5 2 5 24 268 1 1 1 0
6 1 3 16 185 0 1 3 15
7 1 3 16 190 0 1 3 20
8 3 7 34 383 2 1 1 3
9 2 6 28 319 0 2 2 7
10 1 3 16 194 0 1 3 24
11 3 8 37 419 1 2 1 2
12 1 3 16 197 0 1 3 27
13 4 9 44 497 3 1 1 5
14 2 6 31 346 0 2 5 13
15 V 9 - * •» 1 3 16 199 0 1 3 29
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No. Singularity r, r2
16 -¿<7.3. 1) 3 9
17 -¿<10.1.1) 1 3
18 -¿<9,2,1) 5 11
19 -¿(8 ,3 .1 ) 4 11
20 - ¿ a  4.1) 3 9
21 -¿(6 .5 .1 ) 2 6
22 - k l l .  1. 1) 
-£ (7 .3 ,1 ) 
-*•<12. 1.1) 
-¿(11 ,2 .1 ) 
-¿<10. 3. 1) 
-¿(9 .4 ,1 ) 
-¿<8.5, 1)
1 3
23 5 12
24 1 3
25 6 13
26 4 12
27 3 9
28 5 13
29 -¿<7.6,1) 
-¿(13 ,1 .1 )
2 6
30 1 3
31 ¿ (1 1 .3 ,1 ) 5 14
32 ¿ ( 9 .5 ,  1) 3 9
33 -¿<14.1.1) 1 3
34 -¿<13.2. 1) 
¿ 0 1 .4 .1 )  
-¿<8,7.1) 
¿ (1 5 . 1. 1)
7 15
35 4 12
36 2 6
37 1 3
38 ¿413. 3,1) 5 15
39 ¿ 0 1 .5 .1 ) 3 9
40 & 9 .7 .1 ) 7 16
41 ¿ (1 6 , 1, 1) 1 3
42 ¿ 0 5 . 2 .  1) 8 17
43 ¿ (1 4 , 3, 1) 6 17
44 ¿ 0 3 . 4 .  1) 4 12
45 ¿ (1 2 , 5, 1) 7 17
46 ¿ (1 1 .6 , 1) 3 9
47 ¿ (1 0 ,7 ,1 ) 5 15
48 ¿ ( 9 ,  8. 1) 2 6
49 ¿ 0 7 , 1 .  1) 1 3
50 ¿ 0 3 ,  5. 1) 7 18
51 ¿ 0 1 .7 .1 )  
-¿<18, 1, 1)
5 15
52 1 3
r 4
469
IV
0
IY
3
iy
2
IY
8
200 0 1 3 30
610 4 1 1 6
569 1 3 1 3
487 0 3 4 12
364 0 2 6 24
200 0 1 3 30
651 3 2 2 3
200 0 1 3 30
722 5 1 1 6
618 0 4 2 8
513 0 3 7 17
687 2 3 2 2
375 0 2 6 35
200 0 1 3 30
718 1 4 1 3
524 0 3 8 21
200 0 1 3 30
834 6 1 1 6
654 0 4 6 16
384 0 2 6 44
200 0 1 3 30
767 0 5 2 8
542 0 3 9 32
880 5 2 2 8
200 0 1 3 30
946 7 1 1 6
867 1 5 1 3
680 0 4 9 21
919 4 3 3 3
549 0 3 9 39
788 0 5 4 15
391 0 2 6 51
200 0 1 3 30
955 3 4 3 2
806 0 5 6 19
200 0 1 3 30
r3
41
16
54
50
43
32
16
58
16
64
54
46
61
32
16
63
47
16
74
M
32
16
67
48
7K
16
84
76
61
82
4X
69
32
16
85
71
16
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No. Singularity n r2
53 -¿-07, 2, 1) 9 19
54 -¿-06. 3, 1) 
-£ (15 ,4 ,1 ) 
¿ (1 4 .5 .1 )
6 18
55 5 15
56 4 12
57 -¿-(13.6.1) 
¿ (1 2 .7 .1 )  
¿ ( H .8 .1 )  
¿ (1 0 ,9 .1 )  
¿ (1 9 .  1. 1) 
¿ (1 7 .  3. 1) 
¿ (1 3 .7 ,1 )
3 9
58 8 19
59 7 19
60 2 6
61 1 3
62 7 20
63 3 9
64 -¿-(11,9, 1) 
¿ (2 0 ,  1. 1)
9 20
65 1 3
66 ¿ (1 9 .  2, 1) 
¿ (1 7 ,4 ,  1)
10 21
67 5 15
68 ¿ (1 6 .5 .  1) 4 12
69 ¿ (1 3 . 8, 1) 8 21
70 ¿ (1 1 .1 0 .1 )  
¿ (2 1 .  1. 1) 
¿ (1 9 .  3, 1) 
¿ (1 7 .5 .1 )  
¿ (1 5 .7 ,1 )  
¿ (1 3 .9 ,1 )  
¿ (2 2 ,  1. 1) 
¿ (2 1 ,2 .1 )  
¿ (2 0 ,  3. 1) 
¿ (1 9 .  4, 1) 
¿ (1 8 .  5. 1) 
¿ (1 7 .6 ,1 )  
¿ (1 6 .7 ,  1) 
¿ (1 5 .  8, 1) 
¿ (1 4 .9 ,  1) 
¿ (1 3 .  10, 1) 
¿ (1 2 .  11. 1) 
¿ (2 3 .  1. 1)
2 6
71 1 3
72 7 21
73 9 22
74 3 9
75 5 15
76 1 3
77 11 23
78 8 23
79 6 18
80 9 23
81 4 12
82 10 23
83 3 9
84 5 15
85 7 21
86 2 6
87 1 3
88 ¿ (1 9 .  5. 1) 
¿ (1 7 .7 .1 )
5 15
89 7 21
r4 rr r2' r3' r4'
1058 8 i i 6
916 0 6 2 8
821 0 5 8 20
702 0 4 11 29
560 0 3 9 50
1034 5 3 3 6
988 2 5 2 5
396 0 2 6 56
200 0 1 3 30
1016 1 6 1 3
565 0 3 9 55
1107 7 2 2 11
200 0 1 3 30
1170 9 1 1 6
847 0 5 11 25
720 0 4 12 40
1106 3 5 3 4
399 0 2 6 59
200 0 1 3 30
1065 0 7 2 8
1187 5 4 4 3
574 0 3 9 64
859 0 5 12 30
200 0 1 3 30
1282 10 1 1 6
1165 1 7 1 3
988 0 6 10 24
1223 4 5 4 2
734 0 4 12 54
1263 7 3 3 11
578 0 3 9 68
870 0 5 13 34
1087 0 7 4 16
400 0 2 6 60
200 0 1 3 30
880 0 5 14 37
1107 0 7 6 22
r3
94
80
73
63
48
92
87
32
16
89
48
98
16
104
76
64
98
32
16
93
106
48
77
16
114
102
88
MI
<4
112
48
78
95
32
16
79
97
\No. Singularity n
A.
r*
R. Fletcher.
r 3 r„ i v IV IV IY
90 -¿<13,11,1) 
-¿-<24.1.1) 
-¿-(23,2, 1) 
¿-(22, 3, 1)
i i 24 118 1332 9 2 2 12
91 i 3 16 200 0 1 3 30
92 12 25 124 1394 11 1 1 6
93 8 24 106 1214 0 8 2 8
94 -¿<21,4, 1) 
¿-(19, 6,1) 
¿-<18, 7, 1) 
¿-(17,8, 1) 
¿-<16, 9, 1)
6 18 91 1014 0 6 13 29
95 4 12 64 745 0 4 12 65
96 7 21 99 1125 0 7 8 26
97 3 9 48 585 0 3 9 75
98 11 25 122 1377 8 3 3 13
99 ¿ -« 4 , 11. 1) 
¿-<13, 12, 1)
9 25 113 1287 2 7 2 6
100 2 6 32 400 0 2 6 60
II.6 A nti-p lu rigenera  fo r Q -Fano 3-folds
Assume that X is a Q-Fano 3-fold, (i.e. a projective 3-fold with at worst canonical 
singularities and -  AT* ample). Standard use of vanishing (compare Theorem 1.6.2) gives
II.6.1 Theorem: For all n > 1
P -, = h°(Q ,(- nKx )) = x W -  nKx ))
Thus
(•> f _ „ -  <2" 'f lM "-+-U ( - K x ? * ^ * ln y H O x )-H n + l)  
where /(* ) is defined in Definition II.2.5. Notice that the term involving /(n) is negative.
II.7 T he ‘Inverse’ Problem
Section II.4 gives a formula for calculating the plurigenera of a canonical 3-fold from 
its record of pluridata. The following solves the “ inverse" problem.
II.7.1 Theorem: Let P : N —> Z be an arithmetic function which corresponds to a list of 
plurigenera o f some canonical 3-fold X. Then the record of pluridata (K\, pt , X» th t global 
index R, and the basket o f singularities) can be determined uniquely.
Plurigenera of 3-folds and Weighted Hypersurfaces. -35-
Proof. This follows from Theorems II.7.3 and II.7.4 below.
□
II.7.2 Note. Of course there is nothing special about the role of the plurigenera. The 
theorem could be rewritten to use either the anti-plurigenera of a Q-Fano 3-fold, or the com­
plete list {xiOrCrt**))} for a general projective 3-fold with at worst canonical singularities. 
The following theorem and its proof show how to calculate the global index.
n .7 J  Theorem : Let P : N —> Z be an arithmetic function which corresponds to a list o f 
plurigenera o f some canonical 3-fold X. Then K \,p t , X- the global index R, and the correc­
tion function l (n) can be determined uniquely.
Proof. Firstly pg = /*( 1). By the plurigenera formula, 53/>(n) = K \ + 83/(n). By Lemma 
n . 3 . 9 ,  this is of exact period R and so determines R. Now 81 (mR) = 0 for all m  and so
QK=hP(R) = {R1Kl-2x
and
Q-ut = 8P{2R) = '2R2K l - 2 x
allowing both K l and x to be determined. Hence l (n) can also be determined.
□
So Theorem II.7.1 has been reduced to decoding the correction function /(/»). This is 
done using the next theorem.
11.7.4 Theorem : The functions l(Q, n)for each type o f terminal quotient 3-fold singularity 
Q, with index dividing some global index R, are linearly independent.
11.7.5 O rig in  of the idea of proof. The proof of this theorem follows a similar proof due 
to Reid (see [R4, appendix to section 5]). However Reid deals with the linear functions
b k - r / 2  and odd characters arise; whereas this section deals with the quadratic functions 
bk(R -  bk) (modulo R) and hence with even characters.
Like Reid I shall start with a slightly easier problem (compare [R4, Proposition 5.9]).
11.7.6 Lemma: For fixed index r, the functions l(Q , n) for each type o f terminal quotient 
singularity Q = y ( l ,  -1, a), with hcf(r, a) = 1, are linearly independent.
11.7.7 Well-known Results. Let <K0 be Euler’s function (i.e. the order of Z*). Then we 
have the following from [H&W, section V.5.5]:
(1) # 1 ) - 1  - # 2 ) .
(2) 2 |0 (r) for all r > 3 (see (HAW, Theorem 62]),
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(3) R = £ 6 < r)  (see [HAW, Theorem 63]).
'I*
The following is deduced from the above 3 facts.
Notice that for a fixed index r  > 2 there are <JKO / 2 types of singularity since the types 
e equivalent.
II.7.8 P ro o f of Lemma IL7.6. If r  = 1 or r  = 2 the result is trivial. Without loss of gen­
erality assume that r  > 3. There are <|>(r)/2 such types of singularity of index r and
h q . ») -  /(—a .  - i .  &>,«)="£'
r  *=o zr
with b coprime to r. Clearly these correction functions are linearly independent if and only if 
the functions
2r&l(Q,n) = Hb(r-0b) 
are. In fact we need only consider the <JKr) vectors in Zr_1:
7* «
for b coprime tor. Let V be the C-vector space spanned by these vectors. Note that
(T a )k  =  (T r - a ) k  ~  ( T a ) r - k  ~  ( T r - a ) r - k
and so dimc  V <  $(r) / 2.
Let G  be the the group of Dirichlet characters:
X : Z* —> C*
and let G g ^  be the even characters (i.e. those characters x such that x(“ 0  = !)• By [Wash, 
Lemma 3.1], 1C I - * r ) a n d  \Gev€n\ = # r ) / 2 .
For each character x  define
Wx = X  X(*)Ts 
•  • V
Note that W x = 0  for odd X- In comparison with [R4, appendix to section 5] Reid finds that 
in his case, W% = 0 for even X- 
Let 1 be the trivial character.
(W 'i) t -  I  V .) i
««*?
■ £  a ( r -a ) > 0
So W | # 0 .
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Consider a non-trivial character x with conductor/# 1. The following commutes
Z * - - - - - - * — >  c *
where o  is the projection mod / .  So 1 = X(“ 0  = X,<T(- 1) = Hence %' '■ Z / —> C* is
an even character. Let q = r//.
•  « V
= I  aq)
a * V
But (,Ta)q = (Ja+f)q, and so depends only on a mod / .  Thus
W z ) ,  =  ^  £  xX a ')a -q (r-a 'q )
W ) a’e z ;
=  ^ - « 2 £  X W a y - a ’)
W  ; a' € Z/
= -£7T«2i 4  2  X'<0)- £  x'iaXfl2- / « / 2/*]
♦ v )  L 6 « « z ;  a€ z ;  J
Let x be the generalized Bernoulli numbers as defined in [Wash, p. 30]. Then
j :
a e z ;  *
Also £ x '(a  ) /2 /  6 = 0 since f 1! 6 is a constant. So
(W%)q = « V B lx -= - “ «>•« 2.J--
See also [Wash, Exercise 4.2 (a)]. By [Wash, Theorem 4.2 and p. 30], 
f lZx— 2L(- 1 .X V 0  
for even X- Thus W% # 0 for non-trivial X-
Let Z* act on C*r) by permuting the coordinates. Let b be a generator. Then 
(¿w)*- (* )* .  So
b T .- T *
and
bWt - t ( b r 'W t
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for all even characters X- As x(b) are distinct (or else the characters would not be distinct) 
and the Wx are non-zero, then they are eigenvectors of b. Therefore the vectors Wx are 
linearly independent. Hence d im e 'l l  9(r)/2  and so dim e<L,= <JKr)/2. Thus the original 
vectors Ta are linearly independent.
11.7.9 The proof of Theorem 11.7.4.
The above proof does not generalise to Theorem II.7.4 since there are not enough char­
acters. The proof of II.7.4 will done in a number of stages, and involves 2 changes of ‘basis’. 
The main steps in the proof are Theorems II.7.14 and II.7.15, and sections II.7.16 and II.7.23.
There are 3 sets of bases {Ta ), [W%(a)} and {Vx(a)} used, defined in Definitions 
n.7.10, n.7.11 and n.7.18 respectively. Lemmas II.7.12, II.7.20, II.7.21 and II.7.22 are 
technical results on the vanishing and non-vanishing of certain coordinates of Wx(a) and 
Vx(a).
As before in the proof of Lemma II.7.6, we consider the following vector space.
11.7.10 Definition: Let Ta =  (ak(R-ak))km\....*_j. Let V  be the subspace o f  C*_1
spanned by these vectors.
As in the previous proof, dime V < [ /?/2j ■ Clearly the vectors [Ta :a=1,.... \.RI% ) 
are linearly independent if and only if Theorem II.7.4 is true.
n .7 .1 1  Definition: Let X'T-f — > C* be an even Dirichlet character with conductor f  and 
q = R if. Define
Wx(a) = L  X<*)7* « V  
»«Z|
II.7.12 Lemma:
(i) The cth coordinate (Wx(a))c depends only on ac mod R 
(U) Ifac  = q then (Wx(a ))e = - ^ R q B Xx .  0.
(Hi) Z*(A i/.lV I (Pa) =  X(P)-1l* 'I (<i)
(tv) I f a\R and hef(ac,R)(q then (V*',(a))c = 0.
Proof.
(i) 0Vx(a))c= £  x(l>)acb (R-acb), which depends only on ac mod R.
(U)
(W'xiflWc-iW'xi1))«
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(Compare with the proof of Lemma H.7.6.)
(iii)
W %( f i a ) -  Z X (t»Ta  fib
=x<P)_1 £ x (P * > r.m .
b
=x(Pr* *«',<«)•
(iv) L e i q '= hef(a c,R ) and f  =  R / q '. Then there exists P coprirne to R  such that
( « ^ ( « » c 'X W X X i W iV
b
- x ( P ) Z x ( * ) C < V ) .
b
The function Q  (bq ') depends only on b mod f  and so 
Q(kbq') = Q(bq') 
for all Ae AT = Ker(Zjf —> Z /) .
Assume that x is trivial on AT. Then AT is contained in Ker(Z£ —> Z f )  (since /  is the 
conductor). So f \ f \ R  (U . 1 But <7' *  hcf(oc, R f o  a contradiction. Thus x  »»
not trivial on AT. So
(W't («Me - L X < » » ( * ')
b
= Z Z X(U>')Q(b’q')
k e K b 'tZ f
Z COVO Z x(tó')-o.
□
II.7.13 Note. For all a  in Z# there exists a P coprirne to R  such that 
W x ( a )  -  X(P)“1 VVx(hcf(a. /?)).
11.7.14 Theorem: 77wr subspace o fC * ~ l generated by the set
« W %( a ) : x  even characters of Z f  and a  e  Z K such that a \
{
vectors inlies in V a n d  splits into $(J?) distinct eigenspaces, one f o r  each X- There are 
the above set.
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Proof. By Lemma II.7.12 (ii), each vector in the above set is a non-zero sum of the vectors 
[Ta }. Each Wx(a) is an eigenvector with eigenvalue X-1 under the action of the group Zg.
□
Fix the character x once and for all and consider the x-eigenspace.
n.7.15 Theorem: For a fixed character x  the vectors {Wx(a):a\q} are linearly indepen­
dent, where q = R l f x .
This will be proved after some preliminary work. 
n.7.16 P roof of Theorem II.7.4. Theorems II.7.14 and n.7.15 imply that {Wx(a)} are 
linearly independent and hence so are vectors {7'a }. This proves Theorem II.7.4, subject to 
proving Theorem n.7.15.
To prove Theorem n.7.15 the following definition and another change of basis is 
required.
n.7.17 Definition: Let T  be the set o f primes which divide q but not f. For each p e  iP 
define pp by
Pp s p  modR/pa 
= 1 m odp°
where p a is the highest power o f p  dividing R. These 2 equations have a unique common 
solution modulo R.
Extend this definition to the set •D o f products of distinct primes in <P
where d = n p, e D.
Prf = np*
11.7.18 Note.
(i) P, e  Z |  since hcf(P,, p a )=l and heffp,,, R)\p.
(ii) Ppx m px mod R whenever p ° * 1 |x.
We now make the second change of basis.
11.7.19 Definition: For all a |q, define
Vx(a) -  X  Midyjr1 (P<)Wx (ald)
i*D\ d\a
-  x  \Hd)Wx®4 ald)
d* D :4  \a
where \i(d) is the M'obius function (i.e. \l(d) = (- l)m, where d is a product o f m distinct 
primes, and p(d) = 0 if  p 2\d for some prime p).
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n.7.20 Lemma: Let a, c \q but ac\q. Then (Vx(a))c = 0.
Proof. As ac\q  there is a prime p such that p T \ac but p y{q. There are 2 cases: 
Q )p4‘P (i.t.p \f) .
Then p Y|hcf(ac, R) and so hcf(ac, R)\q. By Lemma II.7.12 (iv), (Wx(a))c = 0. Simi­
larly (Wx($dald))c *  X"1 ( h Y W x to m c and p la c id  (since p* P).
Thus (Wx(faa/d))c = 0 and so (Vx(<j))e = 0.
(ii)p«!P(i.e. p{f).
By the careful grouping of terms.
( V x ( f l ) ) c  =  L  Vtd)(Wx(h a ld ))e + n(pd)(Wx( M pa/pd))c
d\a,p(d
Notice tha tp“ |tic butp a*'l {ac. By Note II.7.18 (ii),
modR
So each pair of terms cancels out to give (Vx(a))c = 0.
n .7 .2 1  Lemma: Let ac = qandd\a for some d  e  D. Then
Proof. Define Q (x ) =  x (R -x ) .  By definition 
(Wx(faa/d))c =(Wx( \) ) i^ ld
= Z  X 0 » Q W d q 'd )
b * Z f
¥ f ) b- t ir \ ^ $ b 'Q W d < l l d )
be Z %
Let t (d') =
Q ^d Q ld ) ,  where d'\d. Since
bed’l l
Z f - Z t ^ d ' Z d f
d’>\
then
*•**
+ r
,,r,M  US b ' O M p q l d ) - . . .
" w , * «
A. R. Fletcher. -42-
Jj/id
bed’ Z#
= I  iK rfW ).
Consider the sum r(d'). As d and /  are coprime there is a unique integer i 0 < d  such 
that dx = b ' + io f  for some x. Since the sum r(d') involves only b e d 'Z #  and Qifrdbqld) 
depends only on b mod /then
»<<0 = “l  G ((*' + * a /  + Jd'fiVdqtd)
J=o
where d* = did'. However (ft' + ioW i l 'd  ■ b'q mod R (by definition of P*). So
i(dO -  * £  Q(b’q + JdVJqld)
>-0
= Q(b'q + jd'R  / d)
>-o
= £ Q & q + J R Id r )
>-o
The numbers [b'q + jR /d* : j=0,.... d '- l )  take their smallest value of (b'd’ qld*) where ft 
denotes least positive residue mod /. Thus the range of summation can be rewritten;
f(d') = ‘l I C ( f t7  q/d*+ y*/< n
¿=0
Notice that Q (a + ft) = Q (a) + 0  (ft)-  2tfft for a + ft < 1?. So
t(<T) = ^ \ Q ( P P  ql<n^Q [iR  1 ( 0 - 2 ^  iR q /d ^
¿=0 L J
= < ¿ ' 2 •  « /< o + “s 'e < « / « n - ^
.-0 d
The calculation of 2  X(**> E  idd')i(d') consists of 3 parts:
(i)
i  i  x ( * w > r z W / <
4'M*'»*/ U*>
since the summand is independent of ft'.
< r j  - o .
(«)
**«*/
since d ' and /  are coprime.
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(iii)
Z Z X(b’W )< r Q (b 'd -  ql<r>= z z  ■ b ’d -U t- - ¡ ¡ ¡  b 'd -)
*\db'*zr
£  x i ^  P P d c T - b ^ )
*\* “ a'«r;
- - Z ^ W M * T l r  x ( * > W - * ' )
414“  6'cz;
= z  ¿ m w w v 1 i  x c* ')f i> v -* -) + fc'/cd '-i]
4*|4 “  6 'eZ/ L J
So £  X (*01  \L(d’)t(d’) is the sum of these 3 parts. Therefore 
a'«z; 414
(VtVPdi/d»c = X x - Z  JS*jp-XWT1
<P(a/) *'|i «
♦V)
- px (p <
W )««“ XX(,|<( p < p - l)
¥ / )  i x p\ *
x ( p r '  - p
x ( p r '
p ( p - 1)
II.7.22 Lemma: Let ac = q. Then
, p 2- x ( p r '
w - t n — v & p  (p - „
(Vx(fl))e - I ( W x(Prffl/d))e 
4|a
But
A. R. Fletcher.
Therefore
(V’‘< a ))c = -« n " <,S2-1'
Clearly X(P)_1 * P 2 and so (Vx(a))c #  0.
□
II.7.23 Proof of Theorem II.7.1S. Clearly the vectors [Vx(a) :a\q) lie in the subspace 
spanned by [Wx(a) :a\q). Let (a ,: i= l,.... n) be the set of a\q, ordered such that arfaj for 
i > j .  Let Ci =qlcii. Let M be the matrix with entries
Suppose i > j.  Then <2, |<7, Cj\q and QiCj{q. By Lemma II.7.20, M ij =0. So M  is an upper 
triangular matrix. By Lemma II.7.22, the diagonal enties , are non-zero.
Thus M has maximal rank and the vectors [Vx(a ) : a\q) are linearly independent. So 
the vectors [W%(a ): a\q) also are independent. This completes the proof of Theorem 
0.7.15.
Mi,j = (Vx(a,))Ci
□
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i n
Weighted hypersurfaces and complete intersections.
I I I . l  P re a m b le
In this chapter we aim to prove necessary and sufficient conditions for a weighted 
hypersurface Xd in P(flo».... an) to be quasismooth, well-formed and to have only isolated 
canonical quotient singularities, and to produce lists of such hypersurfaces. Also there will 
be necessary and sufficient conditions and lists for the codimension 2 case.
Section 2 recaps the main definitions and theorems about weighted complete intersec­
tions. Section 3 contains necessary and sufficient conditions for quasismoothness in the 
hypersurfacc and codimension 2 cases and some technical results. An example o f how to 
calculate the singularities of a weighted hypersurface is included at the end of the section 
(see in.3.19).
Sections 4 and 5 treat the cases of dimension 1 and 2 respectively; and give correspond­
ing lists.
Section 6 deals with the 3-fold case (both hypcrsurfaccs and codimension 2) and sec­
tions 7 and 8 deal with the particular cases of canonical 3-folds and Q-Fano 3-folds respec­
tively. Section 6 gives a worked example of the determination of the singularities on a codi­
mension 2 weighted complete intersection.
Section 9 gives an alternative method for producing canonically and anticanonically 
embedded 3-fold complete intersections using the Poincar6 series of a ring.
Section 10 contains a selection of computer programs used in the search for 
quasismooth weighted complete intersections with at worst isolated canonical singularities.
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III.2  Definitions a nd  theorem s on weighted pro jective spaces.
We start by reviewing some definitions and notations about weighted complete inter­
sections from Dolgachev [WPS].
III.2.1 Definition: Let a 0, .... an be positive integers and define S = S (a<>,.... an) to be the 
graded polynomial ring k[x<>,.... xH], graded by deg x, = a,. The weighted projective space 
P(a0. •••. On) «  defined by
P(a0. .... «».) = Proj S
III.2.2 Note. Let x<), .... x* be affine coordinates on A"*1. P(a0. o„) is the quotient
(k"+* — 0) / k* where the group k* acts via:
U*o..... x„) = (V"x„......V^x.).
x0, .... xn under this group action are the homogeneous coordinates on P(ao>.... an). Clearly 
P(flo. an) is a rational n-dimensional projective variety.
ni.2.3 Affine coordinates pieces.
Let (xo, ...,x„) be the homogeneous coordinates on P(a0, .... an). The affine piece 
x, *  0 is isomorphic to A" / Z^. Let c be a primitive a,th root of unity. The group acts via:
for all j  #  i, on the coordinates (zq, .... z¡ , .... z„) of A"; here z, is thought as xj / ‘Vx¿~. Com­
pare the case of P" where the affine coordinates on x, # 0 are z¡ *Xj/x¡.
III.2.4 Examples.
(i) P" = P(1..... 1).
(ii) Consider P(l, 1,2) with homogeneous coordinates u, v and w. The affine piece w  =  1 
is A2 / Z2 with group action
u —> —u 
V •—> —V
The coordinate ring R is given by:
R - k l u . v ) 1*
-  k[l<2, v2, ov]
= k[x,y, z] / (xy-z2)
So P(l, 1, 2) is the projective completion of the ordinary quadratic cone xy ■ z2 in A3.
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m .2 .5  Lemma: For all positive integers q we have
Proj S(flo ..... On) = Proj S(qa0. .... qaH)
Proof. This follows from the fact that the 2 graded rings are isomorphic.
□
From [EGA, Proposition 2.4.7] (also see [Hart, Exercise II.5.13]) we have:
111.2.6 Lemma: Let S be a graded ring and define the truncation S(i) = ®m>oSqm to be the 
graded subring, with mth graded part S ^ .  There exists a canonical isomorphism 
Proj S(«> 5 Proj S.
This is called the «/-tuple Veronese embedding, and is used in the proof of the follow­
ing:
111.2.7 Lemma: Let a 0. •••* an be positive integers with no common factor. I f  
q = hcf(a i ,.... a„) then
Proj S(a0. . .. On)s  P«>j S(a0 . a x/q. amlq )
Proof. Define S ' = ®^>oSqm with the same grading as S. So S ' = S (i). By the previous 
lemma, Proj S ' = Proj S.
Suppose is a monomial of degree mq for any m. Hence
p oao + ... + pn<*n = qtn. and so q \poa0. As the (a,-} have no common factor, q |p0. Hence 
Xq only appears in S ' as xfl. Thus S ' = k [x ^ ,x i, which is isomorphic to
S(qao .a i, .... an). Therefore
Proj S(ao ,.... a„) = Proj S ' = Proj S(ao, a j Iq , .... a j q )
□
This leads to the following corollary from [WPS, 1.3.1] (see also [De, Proposition 1.3]):
111.2.8 Corollary: P(flo..... On) = P(i»o. •••* bn)for some [b ,} such that for each i
hcf(*0..... bi......N ) - l .
Proof. By Lemma II.2.5 we can cancel any common factor of the {a, ) . By renumbering as 
necessary and repeated applications of Lemma II.2.7 we can reduce P(flo. —»oH) to the case 
P(¿>o..... bn). A maximum of n + 1 applications of Lemma II.2.7 are required.
□
111.2.9 Examples.
(i) P(a, b) = P 1 for all a and b.
(U) P(2, 3, 3) ■ P(2, 1,1).
(iii) Let / * j r 5 + y 3 + z2 € k[x.y, z ) with grading 6, 10 and 15 respectively. Define 
X  : ( / « 0 ) c P  = P(6, 10, 15). By the previous lemma P = P2.
P(6, 10.15) s  P(6, 2. 3) •  P(3, 1, 3) a  P(l, 1,1)
The monomials transform as:
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(x5. y 3 . x 2)  y 3 . x 2 ) (x, y 3 , x ) (x. y .  x )
Thus X  c P = ( x + >  + z =  0 ) c P 2 = P1 c P 2 Of course the coordinate rings of the 
affine cones (see III.2.14) over*  c  P and P 1 e  P2 are not isomorphic.
In view of Corollary III.2.8 we make the following:
III.2.10 Definition: The expression P(flo> —# an) is well-formed if  for each i
hcf(a0. .... a<» ...,a*)=l.
II 1.2.I I  The quotient map. Let T = k[y0. ...»y»], where the {y,} all have weight 1, and 
soP" = Proj T. Consider the inclusion map S —> T  given by:
x, — > y ?
for all i. This induces a quotient map o  : P" —> P. In terms of the coordinates (T,-} on P" 
[Ko. ~ . l '. l  —»[l'ô0. .... K ']
The map P" —> P is a ramified Galois covering with Galois group .
m .2 .12  Notation. Write /» e P  for the point [0.... 0 ,1 ,0 .......01, where the 1 is in the ith
position. We will call Pi a vertex, the 1-dimensional toric stratum f\Pj an e^ge, etc.. The 
fundamental simplex (i.e. the union of all the coordinate hyperplanes Pq..J\...P^) will be 
denoted by A.
III.2.13 Note. Define h y . ... *  hcf(a4. a j , ...). The vertex is a singularity of type 
— (flo,.... Oi, .... a„). This singularity is not necessarily isolated. Each generic point P of
the edge PiPj has an analytic neighbourhood P € U which is analytically isomorphic to 
(0, f i ) i  A1 x Y, where Q e Y is a singularity of type (flo. —. «<» •••»•••» <*»»)• Simi-
. Jlarly for higher dimensional toric strata. The singularities only occur on the fundamental 
simplex A.
II 1.2.14 Definition: Let X be a closed subvariety o f a weighted projective space P, and let 
p:Km*x — 0  —> P be the canonical projection. The punctured affine cone C% over X is 
given by C f  = p~l {X), and the affine cone over X is the completion of C f in A"+1 
Notice that k* acts on C f to give X = C |/k * .
I IU .IS  Lemma: C f has no isolated singularities.
Proof. If P € C f  is singular then every point on the same fibre of the k*-action will be 
singular.
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II1.2.16 Definition: X in P(flo» •••. an) is quasismooth o f dimension m if its affine cone C \ 
is smooth o f dimension m + 1 outside its vertex 0.
When X c P i s  quasismooth the singularities of X are due to the It*-action and hence 
are cyclic quotient singularities.
ni.2 .17  Definition: Let 1 be a homogeneous ideal o f the graded ring S and define X/ to be: 
X, *  Proj S /I  c  P
Suppose furthermore that I is generated by a regular sequence {jf} o f homogeneous elements 
o f S. X / c P  is called a weighted complete intersection o f multidegree [d{ = deg/}. In this
case, we denote by Xix.... in P = P(a0, .... aH) a sufficiently general element o f the family
o f all weighted complete intersections o f multidegree {</,•}.
Xdx....4  in P(ao» ...»flu) is of dimension n - c .  In general we will write Cgt.... in
P(ao,.... flc+i) for a dimension 1 complete intersection and S*,.... in P(ao> •••»<*c+2) for a
surface.
111.2.18 Example. X ^  in P(4, 5 ,6 ,7 , 23) is a general element in the family of all degree 
46 hypersurfaces in P(4, 5 ,6 ,7,23).
111.2.19 The coefficient convention. When a general polynomial of a given weighted 
homogeneous degree occurs in a calculation then it will usually be written without the non­
zero coefficients. For example the defining polynomial forX 2 in P (l, 1, 1) is:
/ =  Co*2 + c\xy  + c 2xz + c3y 2 + c4yz + c 5 z 2 
and will be written simply as:
/  = x 2  +xy +xz + y2  +yz + z 2.
II 1.2.20 Definition: A subvariety X c  P  o f codimension c is well-formed if the expression 
for  P is well-formed (see Definition 1112.10) and X contains no codimension c + 1 singular 
stratum o f  P.
This means that any codimension 1 stratum of X  is either nonsingular on P, or an inter­
section X n S ,  where 5 is a codimension 1 stratum of P.
111.2.21 Note.
(i) The hypersurface X4  in P(flo» •••» an) >s well-formed if
(1) hcf(a0 . .... Oi, .... ay......a„ )|d
(2) hcf(<j0......at....... «■)“ *
for all distinct i, J.
(ii) The codimension 2 weighted complete intersection X4 li(it in P(ao- •••* an) is well- 
formed if
(1) for all distinct i.Jandk  one of the following holds:
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either A
hcf(a0, .... 4 ..... a t , .... a j , .... an)\d\ 
or hcf(a0. •••. 4»...»4k. •••. <*j> ...» 4»)|<*2
(2) for all distinct i and j  then
hcf(a0..... 4 .. . . .  a j . .... am)\d\
and hcf(a0. •••. 4» •».«/»•••« an)\d2
(3) for aU i hcf(a0>.... a...... 4 .)  -  1
111.2.22 The adjunction formula. If X4u^ ^  in P(a0. . .4 ,) is well-formed and 
quasismooth then ©x = (scc [WPS, Theorem 3.3.4j). This difference of
sums will usually be denoted by a.
II 1.2.23 Note. The adjunction formula does not hold if the weighted complete intersection 
is not well-formed. For example consider the curve C j in P (l. 2, 3). L e tD c P 2 be the 
curve o _,(C) where a : P2 —> P is the quotient map (see section in.2.11). By Hurwitz 
Theorem (see [Hart, Corollary IV.2.4]) we calculate that g(C) = 1 and so die = Qc- This 
contradicts the adjunction formula since a  = 1.
From [WPS, Theorem 3.2.4(iii)] we have:
III.2.24 Lemma: Let X  be a well-formed quasismooth weighted projective complete inter­
section. Then
H '« .  0 ,0 0 )  = 0
for all n e  Z and i = 1,.... dim X  -  1.
In particular if S  is a well-formed quasismooth weighted projective complete intersec­
tion of dimension 2 then the following are equivalent:
(i) S is a K3 surface.
(ii) co* Spy.
(iii) o  = 0.
III.3  Quasism oothness
In this section we prove conditions for quasismoothness for hypersurfaces and codimen­
sion 2 weighted complete intersections. There arc also some lemmas used in counting the 
number of intersections along 1 and 2 dimensional strata, along with a worked example of 
how to determine the number and types of singularity on a weighted hypersurface. First we 
consider the problem of quasismoothness.
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I I U . l  Theorem: The general hypersurface Xd in P = P(ao- ...»a«) o f degree d, where 
n >  \ is quasismooth if and only if 
either (1 )
there exists a variable x, for some i o f weight d 
or (2 )
for every nonempty subset I  = [io ....»i t - 1 ) o f  (0,.... n } 
either (a)
there exists a monomial X/ 1 = x™°.. Jc£~l o f degree d,
or (b)
for  p  = 1,.... k, there exist monomials x, *xt  ^= x™0* ..x^ '^X g^  o f degree d, 
where [e^] are k distinct elements.
m j . 2  Note. If/c an  be written as / = xi + g for some x, then Xd is clearly quasismooth. In 
this case Xd in P will be said to be a linear cone. So we need only consider the case where /  
is not linear in any of the variables (i.e. deg x, = a, *  d  for all i).
Proof. Assume that Xd in P  is not a linear cone. Let F be the linear system of all homo­
geneous polynomials of degree d  with respect to the weights {a,}. Let / e F be a suffi­
ciently general polynomial. Define Xd : ( f  = 0) c  P.
Cf
X i
— L * .a "+i- o
p
Note that the point 0 is a base point and is usually singular, as this point does not lie in Cf 
this does not affect quasismoothness. By Bertini’s Theorem (see [Hart, Remark III. 10.9.2]) 
the only singularities of the general Cjp lie on the base locus of the linear system F. Any 
component of the base locus is just a coordinate ¿-plane for some k = 0,.... n. So the general 
hypersurface Xd is quasismooth if and only if the general hypersurface C f is nonsingular at 
each point of its intersection with every coordinate ¿-plane contained in the base locus.
Let n  be a coordinate ¿-plane for some ¿ = 1,...»n. By renumbering, assume that n  is 
given by x* = ... »x* = 0, corresponding to the subset I = {0,...»¿ -  1). Let n° c  n  be the 
open toric stratum where Xo, .... x*_j are nonzero. Expand /  in terms of the coordinates x*, 
...(xM:
n f higher order terms)
/ « ¿ ( x 0. . . . . E x ,f,(xo ......in ^ ............................ Xm J
Assume that one of Conditions (a) and (b ) hold for /. If (a) holds (i.e. h is nonzero) 
then n is not part of the base locus, and so by Bertini’s Theorem n° contains no singular 
points. Geometrically this means that Cjf intersects IT0 transversally and so n° is normal to 
the hypersurface at the points of intersection.
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Assume that only (b) holds. S oA sO  and n  c  C f. By (¿>) there are at least k  of the 
{g,} which are nonzero. Singular points occur exactly on the locus Z = 0,(g,- = 0) c  11°, 
which is an intersection of at least k free linear systems on n 0. Thus dimZ < 0 . As Z is a 
quasicone, it is at worst the origin (compare Lemma III.2.15). Therefore C f  is nonsingular 
along n°.
As one of these 2 conditions hold for every nonempty subsets /, C f is nonsingular.
Conversely assume that Conditions (a) and (b) do not hold for all I. Let /  be a subset 
for which these 2 conditions fail. Without loss of generality assume that /  = {0,.... k -  1}. 
Let n  be the corresponding coordinate ¿-plane xt  = ... =xn = 0. As (a ) and (b) do not hold
and at most k -  1 of the (g,-} are nonzero.
As above singular points occur exactly on the intersection Z = 0,>*(g, =  0 )n ll . Since 
there are at most k -  1 of the {g,} which are nonzero, dim Z >k -  (IT-  1) = 1. Thus Z is 
nonempty and so C f  is singular on n .
Therefore Conditions (a) and (b) are both sufficient and necessary for quasismoothness 
when Xd in not a linear cone.
U IJ.3  Note.
(i) The only quasismooth cones are the linear cones. Suppose a variable x, does pot occur 
in the defining equation /. So Cx = C*- x A1 where X ' : ( f  = 0)c. P(flo> • ••. <*i. •— <*»)• 
Suppose that C*- has a singularity at the origin. Thus Cx' x A1 has a line of singulari­
ties along 0 x A1; a contradiction. So C\- is nonsingular at the origin and so /m ust be 
linear in a variable; this is the linear cone case.
(ii) Without loss of generality we can assume in (b ) that e {0,..., n )- /, since otherwise 
this is Condition (a).
(iii) For 21/1 > n  + l Condition (b) implies Condition (a), since there are simply not 
enough variables X/.
(iv) Condition (b), with I /  I = 1, of the theorem gives that for all I = 0,.... n there must exist 
a monomial x , for some e,, of degree d. This is equivalent to requiring that C f  is 
smooth along the coordinate axes (i.e. Xd is quasismooth at the vertices) and is in prac­
tice the most substantial case. Weighted hyperspaces (and polynomials) which satisfy 
this condition will be said to be semi-quasismooth.
(v) Cx contains no coordinate stratum of dimension > (n + l)/2  except possibly in the 
linear cone case.
higher order
in x t , ....
□
So we have the following corollaries for curves, surfaces and 3-folds.
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111.3.4 Corollary: The curve Cd in P(ao, 0 1 , 0 2 ), where d>Oi, is quasismooth if  and only 
if the following hold for all i:
(1) there exists a monomial x*x,t for some e< o f degree d.
(2) there exists a monomial o f degree d which does not involve .
Proof. Since d > a, for all i, is not a linear cone. Conditions (1) and (2) come from con­
sidering the conditions of the above theorem for I /  I = 1 and 1 /1 = 2  respectively.
The proofs of the following corollaries are similar to the above.
111.3.5 Corollary: The surface Sd in P(ao,.... « 3). where d > a„ is quasismooth if and only 
if the following hold:
(1) for all i there exists a monomial x*xei for some e, o f degree d.
(2) fo r  all distinct i, j  
either
there exists a monomial xficj o f degree d,
or there exist monomials x*'x"'x€x and x*1x'j'1xtj o f degree d such that e\ and «2 
are distinct.
(3) there exists a monomial o f degree d which does not involve X/.
111.3.6 Corollary: The 3-fold Xd in P(a0. .... a4), where d > ait is quasismooth if  and only 
if the following hold:
(1) for all i there exists a monomial x*xtl o f degree d.
(2) for all distinct i, j  
either
there exists a monomial xficj of degree d,
or there exist monomials x*'x"'xtl and x*1x”>lxt2 o f degree d such that e\ and e i  
are distinct.
(3) there exists a monomial o f degree d which does not involve either x, or Xj.
In the codimension 2 case we have:
111.3.7 Theorem: Suppose the general codimension 2 weighted complete intersection
Xdu et in P  = P(flo. .... a..), where n > 2, o f multidegree ( d j , ¿ 2) is not the intersection o f a 
linear cone with another hypersurface. Xdl.dJ in P is quasismooth if  and only if for each 
nonempty subset I = {/o..... U - l ) o f (0,.... n ) one o f the following holds:
(a) there exists a monomial x " '  o f degree d  1 and there exists a monomial xf1* of degree d  2
(b) there exists a monomial xf4 o f degree d \, and for ji ■ 1,.... k -  1 there exist monomials 
x f* x ,^  o f degree d i, where [e^ } are k  -  1 distinct elements.
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(c) there exists a monomial xf1 o f degree d 2, and for  (1 = 1 ,.... k -  1 there exist monomials 
xf*xt f  o f degree d \, where [e^) a r e k -  1 distinct elements.
(d) for (1 = 1 ,.... k, there exist monomials of degree d \ , and i f l* ,}  o f degree d \,
such that [e^ } are k distinct elements, {¿¡J} are k distinct elements and e £ } con­
tains at least k  + 1 distinct elements.
Proof. Let F i and F 2 be linear systems of all homogeneous polynomials of degrees d , and 
¿ 2  respectively with respect to the weights ao, ..., an. Let f  e F \ and ^  e  F 2 be suffi­
ciently general polynomials. Define
The only singularities that can occur in the general member of the family occur on the 
coordinate strata. So as in the proof of quasismoothness for hypersurfaces, X  is quasismooth 
if and only if C f is smooth along all the coordinate strata.
Assume that one of Conditions (a), (b ), (c) or (d) hold for each nonempty subset /. Let 
n  be a coordinate ¿-plane for some k. By renumbering, we can assume that n  is given by 
x/t = ... = xn = 0, corresponding to the subset /  = {0,.... k — 1}. As before let n °  be the open 
toric strata where Xq, .... x*_i are nonzero. Expand both f  in terms of the coordinates
x*.
for X= 1,2.
Suppose (a) holds. So h\ and h 2 are nonzero on 11°. If either h\ or h 2 involves only 
one monomial then IT0n C f is empty. This includes the case when k  = 1. So without loss of 
generality assume that h j and h2 each involve at least 2 monomials and hence k > 2 . I"l° is 
not part of the base locus of F \ or F 2. By Bertini’s Theorem ( f  =0) and ( 6  =0) are non- 
singular on n°. Since (h\ =0) and (h 2= 0) are free linear systems on I r ,  (h 1 =0) and 
(A2 =0) intersect transversally. Thus, at each point of {h\ = h 2 =0)011°, there exist 2 dis­
tinct normals. Therefore C f is nonsingular along n°.
Suppose (b) holds. So h\ is nonzero and there are at least * -  1 of the {$}} which are 
nonzero. So fl0 is not part of the base locus for F and so by Bertini’s Theorem we have 
that 0 f= 0 ) is nonsingular on 11°. Singular points occur exactly on the locus 
Z ■ (h 1 ■ 0)T\(*£ ■ 0) c  n ° , which is an intersection of at least k -  1 free linear systems
= 0 ,jS = 0 )c P.
We have the following commutative diagram:
C f — i— A"+1- 0
X — —+■ P
À = AxC*o. ...,x*_i) +
higher order
in Xk,...» J
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on (Ai = 0)on°. Thus dimZ < 0  and hence is at worst the origin. Therefore C f is non­
singular along n°.
The case where Condition (c) holds is similar to Condition (b).
Suppose that only Condition (d ) holds. We have
for X= 1, 2. The normal directions, perpendicular to the plane n, to the hypersurfaces are 
(gf, ....g ") and(g*. •8 2 )- Define the matrix Mp by
Singular points occur exactly on the locus Z = (P : rank Mp < 1}. As there are at least k 
monomials of the form rfxg  of degree d \ ,  at least k of the (g ]j are nonzero. As these are 
free on f l0, each row of the matrix Mp is nonzero for each P e n°. Furthermore this matrix
* 1* * n °
not identically zero on I r \
Fix P  e  n ° . Without loss of generality we can assume that gf(P ) *0 . If g * ^ )  = 0 
then g£(/») * 0 for some i > k, and so Mp has rank 2. In this case P e  C f is nonsingular. 
Suppose that g*(/*) * 0- Define a = g *(/*), b = 8 2 (F)
Notice that P e ZP if and only if rank MP < 1, which is equivalent to P e C f being singular. 
Since Zp is the intersection of k free linear systems on 11®, dimZp <0  and so Zp is at worst 
the origin. In particular P d Zp and hence P e  C f  is nonsingular. Therefore C f  is non­
singular along IT0.
As one of these 4 conditions hold for every nonempty subsets /, Cjf is nonsingular. 
Conversely assume that none of the conditions (a), (b), (c ) or (d) hold for some 
nonempty subset /. Without loss of generality we can assume that I  -  (0,.... k -  1}. Let II 
be the corresponding coordinate plane x* = ... = xn = 0. There are 3 cases:
( i ) n * c v
So h 1 is nonzero and there are at most k -  2 of the (gj) which are nonzero. The singu­
lar points are exactly the locus Z = (hx = 0 ) 0 ,0 ^  = 0). But 
dimZ > k - ( k - 2 ) - 1  = 1 and soZcontains more than the origin. Thus C f  is singular
along II.
( iD n e c * ,
Similarly in this case C f  is singular along n . 
(hi) n  c  Cxg nCjr,.
In this case both Ax are identically zero. So
_[*?</>>... (/’ll 
M' ~  t k n  -  k " (H '
for any P e  Z has at least k + 1 nonzero columns, since there are at least k + 1 distinct ele­
ments in ejj). By renumbering we can assume that the first k  + 1 columns of Mp are
Zp = r w a g i ( f i )  -  **¡(£2) = 0) c  n°.
higher order 
inx*,.... ;
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for X = 1, 2. As Condition (d) does not hold one of 2 cases occurs: 
either (1)
for some X there are at most k -  1 of the {gjj which are nonzero. Thus 
Z \  -  f \ ( g £  =0) has dimension at least 1 and so these (g j j  have a common solu­
tion. Therefore the matrix
M p  =
...
t i m  ... g u n
has rank less than 2 for some P e Z \  and hence C f is singular along n .
<*Q)
there are at most k distinct elements in ejf}. Thus there are at most k nonzero 
columns in the matrix Mp. Let Z = [P : rank Mp < 1). Thus 
dimZ > k — (X -  1) = 1 and so contains more than just the origin. Therefore C$ is 
singular along n .
So if one of these 4 conditions are not satisfied for every subset /  then C$ is singular.
□
II 1.3.8 Corollary: Suppose in P is quasismooth and is not the intersection o f a
linear cone with another hypersurface. We have the following:
(i) Every variable x, occurs in at least one o f the defining equations.
(ii) All but at most one variable are in both equations.
(iii) I f Xi does not appear in one o f the defining equations then there exists a monomial x” 
occurring in the other equation.
Proof.
(i) This follows from the previous theorem with 1/ I =1.
(ii) Suppose, after renumbering, that x 0 and X\ were not involved in f .  Then none of the 
conditions can hold for /  = {0, 1), a contradiction.
(iii) Suppose that x,- does not appear in f .  Conditions (a), (b) and (d) cannot hold and so 
there must be a monomial xjn of degree ¿ 2- Geometrically if one of the hypersurfaces 
is a singular along a coordinate axis, because the equation f  does not involve that vari­
able, then the other hypersurface cannot pass through that axis.
□
We now reduce cyclic isolated canonical singularities to combinatorial conditions.
I IU .9 Lemma: A canonical curve point is smooth.
This is clear since canonical singularities are normal. For dimension 2 we have:
IIU .10 Lemma: The following are equivalent:
(!) Q in S is  a cyclic quotient canonical surface singularity.
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Q is o f type —(a, -a )  for some index r and a coprirne to r. 
Q is o f type y ( l ,  - 1  )for some index r.
The above singularities are Du Val singularities of type Ar_i. For 3-folds we have:
II 1.3.11 Lemma: The following are equivalent:
(1) S is an isolated terminal 3-fold quotient singularity.
Finally, the following 2 lemmas are very useful for calculating the number and arrange­
ment of singularities on a complete intersection.
II1.3.12 Lemma: Let x  and y  be o f weight a 0 and a i respectively, where hcf(a0, a i)  = 1. 
Suppose f(x , y ) is homogeneous polynomial o f degree d, semi-quasismooth (see Note 
l//J.3(iv)) and sufficiently general. Then Xd : ( f  = 0)in  P(a0.a i ) i s  a finite set and:
(i) Pi is in Xd if and only i f  a ^ d  for i = 0, 1,
(2) S is o f type — (bo, b \ ,  ¿>2). fo r  some positive integers r, bo, b 1 , b 2, with r>2, r and bi
coprirne and r  |b, + bj for a pair o f distinct i, j.
(3) S is o f the form y ( l ,  -1 , b )fo r  some r>  2 and b coprirne to r.
other points in Xd-
Proof. There are 4 cases: 
( i)a 0\d,ai\d .
Then / i s  of the form
written using the coefficient convention (see III.2.19). So
which has exactly-------- roots.
a o<t\
(H )ao\d,ax\d.
Since Xd is semi-quasismooth, /  is of the form
The solution y  = 0 gives the point Pq.
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<2] <ao<ii- Thus« =
(iii) ao\d,a\{d.
Similar to (ii).
(lv)a0R “ i<<i-
f = x y
So the 2 vertices Pq and P\ are solutions. Also
which has exactly n = --------------- roots on P-{/fa> P\ }. So d = nao a i + (flo + <*i)*
ao<*i
As a${d and a\\d  then a o - a l > 2 and not both equal to 2. Thus 
a0 a i = (<io — l)(<*i — 1)—l+ flo  + <*i > f lo + « i-
Therefore n =
II 1.3.13 Lemma: Let x 0, Xi and x 2 have weights flo, fli and fl2, where 
hcf(flo, fli, a 2 ) = 1 Suppose f  and g are sufficiently general semi-quasismooth homogene­
ous polynomials in k[xo.X i,x2] of degrees d and e respectively. Suppose that 
Xd t : ( f  = 0, g = 0) in P(fl0, a 1, fl2) is a finite set. Let
n^j be the number o f points o fX ^t along the edge PjPj,
K j  = hcf(a„ af),
ni be the number o f points at the vertex Pi (i.e. n, = 0, \),
N be the number o f points in P-A.
Then:
— —— = z — + i . t l + n
oq a i a 2 i a. i> j hi,j
111.3.14 Note.
(1) in P  is not automatically finite (consider X y  9 in P (l, 2, 4)).
(2) Similar results hold for higher codimensions and involve use of induction on the dimen­
sion.
(3) Notice that Lemma III.3.12 can be deduced from the above (consider X ^ \ in 
P (flo .a i.l)).
(4) This also has connections with the Minkowski mixed volumes of Newton polyhedra 
(see m.3.18).
Plurigenera of 3-folds and Weighted Hypersurfaces. -59-
Proof. Let a : P2 — > P be the quotient map defined in m.2.11. Let F = a * f  and 
G = o*g. By Blzout’s theorem Y = V(F, G) in P2 consists of exactly de points counted 
with multiplicity.
The restriction of o  to F*-A is ao a 1 a 2 to 1» onto P-A. As there are N  points on P-A 
this accounts for a 0 l <*lN  points on P2-^ .
The restriction of o  to the line QiQj is m a j/h y  to 1, onto flPj. Without loss of general­
ity assume that h y \d  but that Notice that xk\g, or else there would exist a monomial
x fx f  of degree e, contradicting /»,,;{«. Then /  and g are of the form: 
f - x r x j + x f x i * ... 
g » x kQc?' + xT' + ...)
Thus F and G are of the form:
F =X?*,X jt + X'JaiX‘< + ...
G m  X ? (tf '* + X ? 'a' + .~ )
Localise by setting * , = 1, to give corresponding affine equations F, G. Let 
[X{,Xj,Xk] = [1, £, 0] be a point of intersection along the line QiQj. The multiplicity p  of 
intersection is given by:
l i s m u lt(F .G ,[ l ,t ,0 ] )
-  mult(F. G. &  0))
= mult(** + X T ' ♦  *i*. ( t  0))
= m ult(* /+ ...,* ? , (0,0))
= ak
where * / - * , - £ .  So this line contributes points (counted with multiplicity) to
Bdzout’s theorem.
Consider the vertex Qt. If P{ is contained in X  then at{d and a,{e. As *  is semi­
quasismooth, a, |d -  ay and a, \e -  ak for distinct i, j ,  and k. So/and g are of the form: 
f - X +
g =X?Xt + ...
Thus:
f - * P * y  +  ...
G - * P * *  + ...
The intersection multiplicity p  at Q, is: 
p  = mult(/\ G, Qi)
Localising at *< * 1 gives:
p -  mult(7, G. (0,0))
-  multi**' +.... X ?  ♦ .... (0.0))
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«  ajak.
Clearly X“' and X ?  are the smallest degree monomials in F and G. So this gives a contribu­
tion of
Combining the above gives:
d e=  X  n,a,at  *  X  +N
distinct i . j . k  i> j  n i . i
which rearranges to give the formula in the lemma.
An alternative proof of the above two lemmas is via Newton polyhedra and the Min­
kowski mixed volume (see both [Be] and [Ku]).
III.3.15 Definition: An integral polyhedron S is a polyhedron in R n with vertices in Z". 
The n-dimensional volume o f S will be denoted by Vn(S), where the volume o f the unit paral­
lelepiped is I.
111.3.16 Definition: Let / e  k [ x i ,x f l, ...,xn,x Hl] be a Laurent polynomial. For each 
m = (m | , m*) € Z" define x m = x ^ ' ..Jtj". Then
/«  Z Cm*m-
me Z*
The Newton polyhedron Newton(/") o f f  is the convex hull o f {m e  Z" : cm * 0), and is an 
integral polyhedron.
111.3.17 Definition: Let S  = fS ,: i = 1 ,.... n} be a set o f integral polyhedra. The Minkowski 
mixed volume V(S) o f S  is given by:
v(5 > -  ( - i  r - iz v*v t)+ < - i y 2 z  ^ „(Si+ Sj) + ...+ vn(s i ♦ ...+ s„)
i<J
where S, + Sj = fa  + s j : 5, e  Si, sj e  Sj}. This is the classical formula up to a multiple of n\ 
Let TH be the n-dimensional toms (k*)". This corresponds to the open toric stratum in 
P. Let 7  be a system of n sufficiently general Laurent polynomials [ f } with corresponding 
Newton polyhedra S=  {S,}. The roots of these n polynomials are isolated. Let L(!f)  be the 
number counted with multiplicity of such roots. Then [Be, Theorem A] gives:
w n - v < s ) .
111.3.18 Alternative proof of Lemma III.3.12. Let T l be the toms x q X i * 0  in 
P = P(fl0.a i ) -  Suppose that aQ,a\\d. T hen / = Xq “9 +... + X \'a'. So
Nf  m Newton( f)  m [(d/a0, 0), (0. d /a ,)],
where [P,  Q  ] denotes the line segment from P  to Q.  So V\(Nf) +  1 is the number of integral 
points on Nf,  i.e. the number of solutions to
{(a , P) e Z2 : a  > 0, p > 0, a a 0 + pa i = d}.
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For a solution (a, fi) we have a  = (d -  (Sa i)/ao  € Z, i.e. d = (ia i mod a  i . As ao and 
a i  are coprime, then a \ is invertible modulo ao, with inverse s. So P = ds mod ao. i.e. 
P = ds + nao for some n. AlsoO < $ < d la \ .  So
ds d  ds------< n < ----------------- .
a o — “  a 0 a \ oq
There are —- ----h 1 such solutions. Thus/has —- — roots on the torus T x in P.
oqa i flo^i
Similarly when a 0fd, etc..
Lemma ID.3.13 can be proved using analogous methods.
m .3.19 Determination of singularities on a weighted hypersurface.
In this section I shall work through the calculation of how to determine the singularities 
of X46 in P(4, 5, 6, 7, 23). Let v, w, x, y  and z be the homogeneous coordinates of 
P  = P(4, 5, 6, 7, 23) of weights 4, 5, 6, 7 and 23 respectively. Let /  be a general polynomial 
of homogeneous degree 46. Then /  (using the coefficient convention) is of the form:
/ =  v '°x  + w*x + x7v + y 6v + z2 + others.
This is well-formed and quasismooth (see Lemma III.3.1). So the singularities of the hyper- 
surface occurs only on the edges and at the vertices of P.
Consider each of the vertices in reverse order:
PA: Since /  contains the monomial z2 with a non-zero coefficient, f(PA) *  0 and so 
PA 4 X * .
P$: There is no monomial of the form y n for any n in / ,  and so Pi e X ^ .  Consider the 
affine piece (y = 1). P$ € looks like:
( ? = / (v, w ,x , 1, z) = v + ... = 0 ) c  A4 / <£> 
where e is a primitive 7th root of unity and acts as: 
v—»e4v 
h»—>e5w 
x—H 6x 
z ^ e Dz
Since d f/dv  = y6 +... is non-zero at /V By the Inverse Function Theorem w, x  and z 
are local coordinates on around Pi e X ^ .  Thus the singularity here is of type 
y(5, 6, 23). This is equivalent tOy(6, 1, 3), which is terminal.
Pi: Again there is no monomial of the form x n for any n in / ,  and so Pi e  X Ab. Consider 
the affine piece Qc = 1). P ie  looks like:
(7 = / (v, w, 1 , y, z) = v +... = 0) c  A4 / <e> 
where e is a primitive 6th root of unity and acts as:
V'—>e4v
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H*—
y~-Hy
z—t ^ z
So d//dv = x 7 + ... is non-zero at P$. By the Inverse Function Theorem, w, y  and z are 
local coordinates on X «  around Pi € * 4$. Thus the singularity here is of type 
-£-(5,7,23). This is equivalent to-J-(5,1,1), which is terminal.
Px: Pi € X u  is locally / = x  + ... = 0 and gives a terminal singularity of type y(4, 1, 2).
P0: Ab e  *46 « locally / = x  +... = 0 and gives a terminal singularity of type -J-(3,1,1).
Consider the edges of P. An edge Pi Pj is singular if and only if h = hcf(fl„ fly) # 1 . In 
which case it is analytically equivalent to k* x -jj-(flo. •••» <*<» •••» aj> •••» fl4)- So only the edge 
PfrPl is singular and looks like k* x i-( l, 1, 1). Since 2«hcf(4. 6)|46, the hypersurface 
does not contain this line. Lemma III.3.12 is used on X 4$ in P(4, 6), after cancelling the 
common factor, to give 3 points of intersection. Alternatively,
/i<Wi = * * g ,t(u .x )= u ig ,(u , . i 1),
where g 36 and #3 arc polynomials of degree 36 and 3 respectively. There are exactly 3 solu­
tions to g 3 = 0, and so there are 3 points of intersection. So crosses /ft P4 transversally 
and hence there are 3 singularities of type y ( l ,  1, 1) along /ft fy.
Thus the hypersurface X #  in P(4, 5, 6,7 , 23) has the following singularities:
3 of type-j-0,1, 1),
1 of type y ( 3 ,1,1),
1 of type y ( 4 ,1, 2),
1 of type-¿-(5, 1,1), 
and 1 of type y ( 6, 1, 3).
III.4  W eighted cu rve  hypersurfaces.
II 1.4.1 Theorem: A weighted curve complete intersection is smooth if and only i f  it is 
quasismooth.
III.4.2 Theorem: A weighted curve Cd in P(flo. a  1. <*1 ) is well formed, not a linear cone 
and quasismooth if  and only i f  for each i the following 4 conditions hold:
(1) at <d,
(2) af \d.
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(3) there exists a monomial of degree d which does not involve X{, 
and (4)
hcf(a, , af) = 1 fo r  all distinct i, j.
P roof. C is well-formed if and only if a, |d for all i and hcf(aj, af) = 1 for all distinct i, j  
(see Note m.2.21 (i)). These are Conditions (2) and (4).
Suppose C is not a linear cone and quasismooth. Then Conditions (1) and (3) hold. 
Also a, |d -  at  for some e. But this already satisfied by Condition (2).
The converse follows immediately from Conditions (1), (2) and (3).
II  1.4.3 Smooth weighted curve hypersurfaces with a  = 0.
We list the only smooth weighted hypersurfaces of dimension 1 with a  = 0 satisfying 
the above conditions and < 100.
Curve D
C 3 in P ( l , l .  1) 3 P
Ca in P (l. 1, 2) IP
C 6 inP (1 .2 .3 ) P
All are elliptic curves (i.e. g = 1 and co = Ob) and are given by Proj R where R is:
R = ® H°(Cfc(l>)).
»• >0
and D is given in the above table.
I I  1.4.4 Example. Consider an elliptic curve C and the divisor D = 2P, where P is any point 
on C. By Riemann-Roch,
h °(n D )-h '(nD ) = deg(aD) + (1 -  g).
A s D >K  «0 , then /» '(aD J-O forall n > 1. Also# = 1 and so 
h°(nD ) = deg(nD)
- 2a.
Thus A °(D )-2 and /i°(2D )-4 . Let U 0. * i ) be a basis for H°(D). Then x$, xox, and x \  
are linearly independent elements of H°(2D). As A0(2D) = 4 then there exists an extra ele­
ment y  of degree 4.
Consider the map:
: H°(D)®H°((a-l)D) —» H°(aD).
Notice that Xo and x  i have no common base points. By the base-point-free pencil trick (see 
[ACGH,p. 126)),
Ker ♦* i  H°((a-1)D - D) -  H°((a-2)D)
which has dimension 2 (a -2 ) . Also H°(D)®H°(nD) has dimension 2.2(a -1 ) .  So 
dim Im 6« = 2a, and hence is onto for all a >2. This means that H°(aD) is generated 
from H°(D) and H°((a-1)D).
So we have the following table of bases for the H°(aD).
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h°(nD) monomials
2
3
4 f, x<>x ?, x ?, xtfy. x<>x ,y. x fy. y
Notice that H°(4D) has dimension 8, but there are 9 monomials. Since <(>4 is onto then the 
first 8 in the list are linear independent. So there must be a relation of the form:
Suppose that /  was the only relation, then the dimension of the module generated by the 
monomials of degree n is Nn -  \H n - 4  = 2n, which is the same as h°(nD).
So the ring R is k[xo,X (,y] / (f ), where x, has weight 1 and y has weight 2, i.e. the 
curve is C 4 in P(l, 1, 2). This technique should be compared to that in [M, Lecture 1, p. 17 - 
21] and to Weierstrass normal form.
111.4.5 Smooth weighted curve hypersurfaces with a  = 1.
There are only 2 such curves which satisfy the conditions of Theorem III.4.2 and 
Xflj < 100:
III.5  W eighted surface com plete intersections.
In this section we give necessary and sufficient conditions for surface weighted com­
plete intersections of codimension 1 and 2 to be quasismooth, well-formed and have at worst 
canonical singularities. We also include lists of such intersections.
DL5.1 Theorem: Let Sd in P = P(a0. a  1 . <*2. <*3) be a general hypersurface o f degree d 
and let a  = a ,. Sd is quasi-smooth, well-formed with at worst canonical quotient singu­
larities and is not a linear cone if  and only if  all the following hold:
(1) For all l,
(l) d > a {.
f = y* -  *  <Cxo. x 1)+yh 2Cxo. *  1).
where g d and A 2 are homogeneous polynomials of degrees 4 and 2 respectively. 
The number Nn of monomials in H°(nD) is given by:
curve genus « c
C4 in P (l, 1, 1) 3 Cfc(l)
C* in PO. 1.3) 2 C t(l)
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(U) there exists e such that a, \d—ae (i.e. there exists a monomial x*xt  o f degree d).
(iii) there exists a monomial o f degree d which does not involve x
(iv) t f  a t\d, then a, |a.
(2) For all distinct i, j  with h = hcf(a,, af)
(l) then h \d.
(U) h |a.
(iii) one o f the following holds: 
either
there exists a monomial x^x* o f degree d,
or there exist monomials x*xx™lxtl and x*1x™1xtl  o f degree d such that e i and 
«2 are distinct.
(3) For all distinct i, j, k, hcf(a,, aj, a*) = 1.
II 1.5.2 Note. Since the hypersurface is well-formed then (0$ = Qs(a).
Proof. Let /  be a general homogeneous polynomial of degree d  in variables xq. .... xy, 
define Sd : ( f  = 0) cz P.
Sj is quasismooth and not a linear cone if and only if Conditions (1(), (1(f), (1 iii) and 
(2iii) hold (see Corollary III.3.5).
Suppose furthermore that Conditions (liv), (2(), (2U) and (3) hold. As Sd is 
quasismooth the only singularities are due to the k*-action and hence are cyclic quotient 
singularities on the fundamental simplex A c P , By Condition (3) only vertices and edges 
need be checked.
Consider Pt e  Sd. By renumbering we can assume that i = 0. So ao{d. Condition (1U) 
gives that there exists an e * 0  such that a0 \ d - a e. Without loss of generality we can 
assume that e = 1. S o /is  of the form f= X qX j + .... Thus d f/dx\ is nonzero at Pq. By the 
Inverse Function Theorem *2 and x 3 are local coordinates. So f\) e Sd is of type
— (02*03)* However d  = a 0 + — + fl3 + «  and so a 0 |fl2+ a 3 + «- By Condition (liv), 
00
ao |fl2 + 0 3 - Let h =hcf(<io> 02)- So h\a$ and hence, by Condition (3), h *  1. Therefore 
/fo € Sd is a canonical singularity.
Consider the edge f)Pj. Again by renumbering assume that i = 0 and J *  1. /restricted 
to P^P\ is:
/= ■ & & r
where the sum is taken over the set ((n,m ):nao + ma\ =d). If ao[d then a o \d -a € for 
some e # 0. If e  #  1 then h = hcf(ao- 0 i) |fl* and by Condition (4) h = 1. Then /^Pi is non- 
singular. So assume that either a 0 \d or ao \d -  a \ . Hence /  is not identically zero on , 
and so is finite. Each point in this intersection is of type —(02*03)* Since
d = a 0 + —+ 03 + «  and /i |a  then h\a2 + ai. Also hcf(/»,fl2>= 1. Thu* each point is 
canonical.
Therefore Sd in P has at worst canonical singularities.
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Conversely assume that Sd is quasismooth, well-formed, not a linear cone and has at 
worst only canonical singularities. Suppose a,fd. By renumbering we can assume that i = 0. 
So F\) € S4  and ao\d — ae for some e. Without loss of generality assume that < « 1 . As
above the singularity at Aft e  Sd is of type — (,a2l flj). Since this is canonical we have
«0
a0 \a2 +<13 and soa0|0- This is Condition (liv).
Suppose h = hcf(a,-, aj). By renumbering assume that t  = 0 and j  *  1. As Sd is well- 
formed then h\d, which is Condition (2i). So P^P\nSd is a finite intersection, where each 
point is of type « 3)- This is canonical and so h |a . This is Condition (2ii).
Suppose h = hcf(a| t aj, a*). Without loss of generality assume that i= 0 ,  j  *  1 and 
k = 2. Let A' = hcf(a0, a x). So h'\d. Hence the line f\>P\ contains singularities of type 
T7(fl2» a 3)- As these are canonical h = hcf(A', a 2) ■ 1. This is Condition (3).
□
In 1979, Reid produced the list of all families of codimension 1 weighted K3 surfaces; 
95 in all (see [Rl, section 4.5]). The full list follows along with their respective singularities.
Weighted K3 surface Singularities Weighted K3 surface Singularities
X 4 in P (l, 1, 1, 1) X3 in P( 1, 1, 1.2) A 1
X(, in P (l, 1 ,1 ,3) X6 in P (l, 1,2, 2) 3xA,
X 2 in P (l, 1 , 2,3) A \ ,A 2 Xg in P (l, 1.2, 4) 2xAj
Xg in P (l, 2,2, 3) 4xA 1 , A 2 X9 in P(l, 1 ,3 ,4) A3
X9 in P (l,2 , 3, 3) A x,3 xA 2 X 10 in P(l, 1.3. 5) A2
X io in P (l, 2,2,5) 5 xA, X 10 in P(l, 2, 3. 4) 2xA 1, A 2, A 3
X „ in P (l, 2, 3, 5) A 1 .A 2.A4 X 12 in P(l, 1.4, 6) A 1
X \ 2 in P (l, 2, 3, 6) 2xA 1 ,2x4 2 X ,2 in P(l, 2, 4, 5) 3xA,. A4
X \ 2 in P (l, 3,4. 4) 3xA 3 X ,2 in P(2, 2. 3. 5) 6xA 1, A 4
X ,2 in P(2, 3, 3.4) 3xA i,4Xi42 X ij in P(l, 3, 4, 5) A2.A 3.A 4
XI4 in P (l, 2,4, 7) 3xA 1 , A 3 X 14 in P(2, 2, 3.7) 7xA ,.A 2
X i4 in P(2, 3,4, 5) 3xA \ ,A 2 ,A $ ,A 4 X 13 in P(l, 2, 5, 7) A 1 , A6
X ,5 in P (l, 3,4. 7) A*, A t X ,5 in P(l, 3, 5 ,6) 2xA2.A 5
X ij in P(2, 3,5. 5) A ,. 3xM4 X 13 in P(3, 3. 4, 5) 5xA 2, A 3
X16 in P (l, 2, 5, 8) 2 x A , ,  A 4 X ,6 in P(l, 3, 4, 8) A 2, 2xA3
X i6 in P( 1, 4, 5. 6) A 1 .A 4.A3 X 16 in P(2, 3, 4. 7) 4xA i, A 2. A 6
X i7 in P(2, 3,5,7) A j.A 2.A4, a 6 X ,g in P(l, 2, 6, 9) 3xA ,.A 2
X u in P (l, 3,5,9) 2xA 2, A4 X |g in P il, 4, 6. 7) A j,A i,A t
X „  in P(2, 3,4,9) 4xA i , 2xA2,A 3 X jg in P(2, 3. 5. 8) 2 xA 1 , A 4, A 7
X ,8 in P(3, 4. 5,6) 3xA 2, A 3, A 1, A 4 X l9 in P(3, 4, 5. 7) A2. A3, a 4, a 6
X20 in P (l, 4, 5, 10) A , , 2xA 4 X20 in P(2, 3. 5. 10) 2xA |,  A2, 2xA4
Xjo in P(2, 4. 5, 9) 5xA 1 , A g X20 in P(2, 5. 6, 7) 3xA |,  A3, A 6
Xw in P(3, 4, 5, 8) A 2» 2xA3, A7 X2i in P(l, 3,7, 10) A#
X2i in P (l, 5,7, 8) A 4.A 7 X2i in P(2, 3 .7 .9) A 1 , 2xA 2, A g
Xji in P(3, 5. 6, 7) 3xA2. A4, A3 X22 in P(l, 3, 7. 11) A i. A t
X22 in P( 1, 4, 6, 11) A 3.A 1 .A3 X22 in P(2, 4, 5, 11) 5 xA |,  A3, A4
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Weighted K3 surface Singularities Weighted K3 surface Singularities
*24 inP (l,3 . 8. 12) 2xA2 ,A 3 X 24 in P(l, 6, 8, 9) A i ,A 2, Ag
X24 in P(2, 3,7, 12) 2xj4 1 , 2 xA 2 ,A b X 24 in P(2, 3. 8. 11) 3xA 1. A 10
X 24 in P(3, 4. 5, 12) 2xA2, 2xA3,A4 X 24 in P(3. 4. 7. 10) A 1 .Aft.A9
X24 in P(3, 6, 7, 8) 4xA2, A 1 , A 6 X24 in P(4. 5. 6. 9) 2xAi, A 4, A 2. Ag
X23 in P(4, 5, 7.9) A3, A 6, Ag X26 in P(l, 5, 7. 13) A4, Aft
X 26 >n P(2, 3. 8. 13) 3xA \ , A 2 ,A ^ X 26 in P(2, 5. 6. 13) 4xAi, A4, A5
X 27 in P(2, 5.9. 11) A t , A 4, A 10 X27 in P(5. 6.7 . 9) A4, A5, A2, a 6
Xja in P( 1, 4, 9, 14) ^ 1 .^ 8 X28 in P(3,4, 7. 14) A2» A i, 2xAft
XM in P(4, 6. 7. 11) 2xA 1 , A 5, A 10 X h  in P(l, 4, 10. 15) A3.A 1.A 4
X so in P O .^  8. 15) A j.A 2 .A 7 X so in P(2, 3. 10.15) 3xA i ,2 xA2,A4
X30inP(2. 6.7 . 15) 5x4 \ t A 2 ,A 4 X m  in P(3, 4, 10. 13) A3.A 1 .A 12
Xao in P(4, 5 .6. 15) A3, 2xA j, 2xA4, A2 X ^ in P ^ ,  6. 8. 1 1 ) A 1 .A 7.A 10
X32 in P(2, 5,9. 16) 2x4 1 , A 4 , A g X 32 in P(4, 5. 7. 16) 2xA3, A4, Aft
X33 in P(3, 5. 11. 14) A 4,A  i3 X m  in P(3,4. 10. 17) A2.A 3.A 1 .A 9
X M in P(4, 6. 7, 17) 4 3i 2xA 1 , A5, A(, XM in P(l, 5, 12, 18) a 4, a 5
X% in P(3, 4. 11. 18) 2xA2, A \,A \o X 36 in P(7, 8, 9. 12) Aft, A7, A3, A2
XM inP(3, 5. 11. 19) A2.A 4.A 10 XM in P(5, 6. 8. 19) A4.A 5.A 1 , a 7
X40 in P(5, 7. 8. 20) 2xA4, Aft. A3 X 42 in P(l, 6, 14,21) A 1 , A2, Aft
X42 in P(2, 5. 14. 21) 3xA 1 , A4, Aft X42 in P(3, 4. 14,21) 2xA2,A3, A ], A 6
X44 inP(4. 5. 13. 22) A | ,  A 4, A 12 X4« in P(3, 5. 16. 24) 2xA2. A4, A7
X »  in P(7, 8. 10. 25) 
Xm in P(5, 6. 22. 33)
Aft, A 7 .A t.A 4 
A4, A 1 .A 2.A 10
X 54 in P(4, 5. 18. 27) A3.A 1 .A 4.Ag
However there are not so many dimension 2 weighted hypersurfaces with U)S = Qs(±l):
II 1.5.3 Theorem: There are exactly 3 families o f dimension 2 weighted hypersurfaces with 
at worst canonical singularities and CDs = Cfc(l), and exactly 3 families with (Og = 0 s(-\) , 
a  =  1 a  = - 1
S 5 in  P (l. 1.1.1) S 3 in P(l. 1.1, 1)
S(, in P( 1.1, 1, 2) S 4  in P(l. 1. 1. 2)
S* in P il,  1,1.4) S 6 m P(1.1,2.3)
111 5^.4 Note. These families are all nonsingular.
Proof. Condition (2ii) of Theorem III.5.1 is very strong when a  = ±1 and forces the {a,} to 
be pairwise coprime. Similarly condition (1/v) forces a,|d  for each i. So a 0  a\ a 2 a^\d  and 
d — ao + ...•+ fl3 + ol Order a 3 > a 2 >fli >flo > 1 and let d  = Xa3. Thus ao<*i <*2 |X and 
(X — l)fl3 =flo ■+• -  + <12 + ot-
Suppose a  = 1. Then 2<i 3 <Xd3 = ao  + ... + <»3 + 1 < 5a3. So 2 < X < 5 . Running 
through the possible values o f X:
(i>X-5.
So a0 a \a 2 \5- If a 2  = 1 then a4 ■ 1 (i.e. S 3 in P(l, 1, 1, 1)). If a 2  = 5 then a 3 = 2, a 
contradiction.
(ii) X ■ 4.
So a 0 a i a 2 \A. If a 2 =  1 then a 4 = y ,  a contradiction. If 02 = 2 then a 4 = y ,  *
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contradiction. If a 2  = 4 then a 4 =  -2-, a contradiction.
(iii) X « 3.
S o a o a i a 2 |3. If a 2 = 1 then a 4 = 2  (i.e. in P (l, 1,1,2)). If a 2 =  3 then a 4 = 3, a 
contradiction.
(iv) X « 2.
S o a 0a i a 2 |2- If a 2  = 1 then a 4 =  4 (i.e. Sg in P (l, 1, 1, 4)). If a 2  = 2 then a 4 = y ,  a 
contradiction.
So there are exactly 3 families.
Suppose that a » -1 . Then 2a$ < \a s  = oq + ... + 03 -  1 < 603. Thus 2 < X < 6 . As 
above this gives rise to the following families: S3 in P (l, 1,1,1) in the case X = 3, S4 in 
P (l, 1 .1,2) and S6 in P (l, 1,2, 3) in the case X -  2.
Consider the case of codimension 2 complete intersections.
III.5.5 Theorem: Suppose S = S4l, dl in P = P(a0, a 4) is quasismooth and not the inter­
section o f a linear cone with another hypersurface. Let a  = -  £ a ,  . S is well-formed
and has at worst canonical singularities if  and only tf the following hold:
(1 ) for all i, tf  ai[d 1 and ai\d2 then ai |a .
(2 ) for all distinct i and j, with h = hcf(a,-, aj), one of the following occurs:
(a) h \dx andh\d2,
(b) h \dx, h{d2 andh\a,or
(c) h[dx,h \d 2 andh\a.
(3) for all distinct i, j  and k, with h =  hcf(a,, aj, a*), h \d \ ,h \d 2 and h\a.
(4) for all distinct i, j, k and l,h  = hcf(a,, aj, ak, aft = 1
II 1.5.6 Note. Since the hypcrsurface is well-formed we have that 0)5 = Qs(Ct).
Proof. Let f  and f  be sufficiently general homogeneous polynomials of degrees d x and d 2 
respectively, in the variables xq, .... *4 with respect to the weights ao, •••• <*4- Define 
S :( r t» 0 . J5 = 0) c P.
Since S is quasismooth the only singularities are due to the k*-action and hence are all 
cyclic quotient singularities occurring on the fundamental simplex A.
Assume Conditions (1), .... (4) hold. By Conditions (2), (3) and (4) S is well-formed. 
By Condition (4) only the vertices, edges and faces of A need be considered.
Suppose Pi e S. By renumbering we can assume that» = 0. So ao{d 1 and ao(d2. As S 
is quasismooth (and using /  = {0} in Theorem III.3.7) there exist monomials XQXtl and 
XqX't of degrees d x and d 2, where e x * e 2. By renumbering we can write e x = 1 and 
e 2  »  2. So A and are of the form:
A - x 8x i+ ...
Ji» X o *2 + -
Thus d f  /dx ] and d fld x 2 are nonzero at ffo. By the Inverse Function Theorem, x3 and x 4
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are local coordinates around Pq. Hence Pq e  S is of type -^—(£¡3 , <14). As
<*0
d \ + d 2 = a 0 + ... + a 4 + a  and a 0 |a  then a0 \a 3  + a 4. Let h = hcf(ao, <*3)- So A |a 4 and, 
by Condition (3), h \d \ . Since deg (xqX\) = d \ ,  h \a \ and so, by Condition (4), h = 1. Thus 
Pq e  S is canonical.
Consider the edge P{Pj. By renumbering we can assume that i = 0  and j  = 1. Let 
h = hcf(fl0. <*i)- Notice that P0 PX if and only if h{d\ for X = 0, 1. By Condition (2), 
h \d \  for some X. Without loss of generality assume that h\d\. There are 2 cases:
(*)h\d2.
PqP\ r '0K. = 0) is a finite set of points for X =  0, 1. Thus PqP\ ^  = 0 .
(b) h{d2.
In this case no monomial of the form x f ix ?  of degree d 2 exists (or else h\d2). From 
Theorem III.3.7 (with /  = {0, 1}) there exists a monomial xgx jVce of degree d2, where 
e *  0, 1. By renumbering we can assume that e = 2. Thus is of the form:
h = * o * ? x 2 + ...
and 3/j/dx2 is nonzero on PqP\rS .  By the Inverse Function Theorem, X3 and *4 are 
local coordinates around each point of /b/*i o S  and so each is of type —(03, fl4>- Con­
dition (2b) gives h \a  and so h\a2 +<14. Let h ' = hcf(/t, <13). So A|fl4 and thus by Con­
dition (4) h = 1. Thus these points are canonical.
Therefore S has at worst canonical points along P0 P\.
Consider the face PiPjPk• As before assume i  «  0, j  = 1 and k = 2. By Condition (3) 
/i = hcf(a0, a t , a 2)ldt and h\d2. So PqP\P2  intersects S transversally. Each point in the 
intersection is of type -^ (<13,<14). As A |a, h\a$ + 0 4 . By Condition (4) hc((h,a^)=  1. 
Thus these points are canonical.
Therefore Conditions (1),.... (4) are sufficient.
Conversely assume that S is well-formed and has at worst canonical singularities. Sup­
pose (¡i{d\ and ai\d2. By renumbering assume i =0. Thus Pq e S. Since S is quasismooth 
there exist 2 monomials XqX€x and XqX«, of degrees d \ and d 2, where e t * e 2. Without loss 
of generality we can assume that e\ = 1 and e 2 = l.  As before we find that Pq e S is of type 
— («3. <14). As this is canonical a0 \a2 + a 4  and so ao |a. This is Condition (1).
Suppose h = hcf(a,, aj) for distinct i and j .  As usual we can renumber such that i = 0 
and j  = 1. As S is well-formed then h \d \ for some X. Suppose h \d \. If h\d2 then this is 
Condition (2a). So assume that h\d2. As above each point of f\)P\ n S  is isolated and of type 
^•(a3, a 4). Thus A|a3 + a 4 and so /i|a. This is Condition (2b). Likewise for the case 
when h \d2 but h{d\. This gives Condition (2c).
Suppose h = hcf(aj, aj, a*) for distinct 1, j  and k. Renumber such that i - 0 ,  j  ■ 1 and 
k m 2. As S is well-formed then h\dx and h \d 2. Thus P ^ P ^ n S  is a finite number of points, 
all of type -jj-(a3, <*4)- As these arc canonical h \a 2 +04 and so A|a. This is Condition (3). 
Also hcf(/i, 0 3 ) = hcf(A, 0 4 ) «  1, which is Condition (4).
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So these conditions are necessary.
□
111.5.7 Codimension 2 Weighted K3 Surfaces.
There are 84 families of codimension 2 quasismooth, well-formed K3 surfaces with 
only canonical singularities and £ f l | < 100. These were found by means of a computer 
search program similar to that used to search for 3-fold complete intersections (see section 
DI.10.7).
Weighted K3 surfaces 
X2.3 in P(l, 1 ,1 ,1 .1) 
X3.3 in P ( l . l , l .  1,2) 
X3 4 in P(l, 1.1.2. 2) 
X4 4 in P(l, 1,1.2. 3) 
X4 4 in P(l, 1, 2, 2. 2) 
X4 3 in P(l, 1,2. 2, 3) 
X4t4 in P(l, 1, 2, 3. 3) 
X4 4 in P (l, 2,2. 2. 3) 
X3,6 in P (l, 1, 2, 3, 4) 
X3.6 >n P ( l ,2 ,2, 3, 3) 
X6 6 inP (l, 1.2. 3. 5) 
X®, 6 in P(l, 2,2. 3.4) 
X6 6 in P(l, 2. 3. 3. 3) 
X6 6 in P(2, 2. 2, 3. 3) 
X6.7 in P(l, 2, 2. 3. 5) 
Xft.7 in P(l, 2, 3. 3,4) 
X6 $ in P(l. 1. 3,4. 5) 
X4 g in P(l, 2, 3. 3. 5) 
X6 g in P(l, 2. 3. 4. 4) 
Xg., in P(2, 2. 3. 3. 4) 
Xft,, in P(l, 2, 3. 4, 5) 
X7 1 in P(l. 2. 3.4. 5) 
X6.10 in P d . 2, 3. 5. 5) 
X*. ,0 in P(2, 2. 3.4. 5) 
Xg 9 in P(l, 2. 3 .4.7) 
Xg 9 in P(l, 3 .4 .4 . 5) 
X g 9 in P(2, 3. 3.4. 5) 
Xg. 10 in P(l. 2, 3. 5.7) 
X , 10 in P(l, 2.4. 5 .6) 
Xg, 10 in P(l. 3.4. 5. 5) 
X g, 10 in P(2, 3.4, 4. 5) 
X9 ,0 in P(l. 2. 3. 5, 8) 
X9,10 in P(l, 3,4, 5 .6) 
X9. 10 in P(2, 2. 3. 5,7) 
X9, 10 in P(2, 3.4. 5. 5) 
X , ,2 in P(l, 3.4, 5.7) 
Xg.,2 inP(2. 3. 4. 5. 6)
Singularities 
2 x i4 ,
A 2
4 x A 1
2 x A j ,  A 2 
2 x A 2 
6 x 4 ,
Alt A 3
3 x A | , 2 x A2
a 4
4 x A j ,A3
4 x A 2 
9 x A 1
3 x A | , A4
A 1 ,2  x A 2, A3 
4 4
2 x A 2 , A4 
2 x  A , .  2 x  A3 
6 x A 1 ,2  x A2 
A , ,  A 3 , A 4 
2 x A | , A2, A4 
2 x  A 4 
7 x A 1 , A 3 
2 x A 1 , Ag
2 x A 3, A 4
2 x  A 1 ,3  x A2. 4 4 
A2, A 6
3 x A 1 , A j 
A2, 2 x A4 
4 x A i .A 2, 2 x A3 
A ,. A 7
4 2, A 3, A 5
5 x A , ,  A6
2 x  A | ,  A3t 2 x 4 4
a 4, a 6
4 x A j , 2 x A2,A 4
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Weighted K3 surfaces 
* 9.12 in P(2, 3. 4, 5,7) 
* 10.11 in P(2, 3,4, 5,7)
*  io, 12 in P (l, 3, 4, 5.9) 
* io, i2 in P (l, 3, 5, 6, 7) 
X  io, i2 in P( 1, 4, 5, 6,6) 
X io, i2 in P(2, 3,4, 5, 8) 
* 10,12 in P(2, 3. 5, 5,7) 
*10.12 in P(2, 4. 5, 5, 6) 
*10,12 in P(3, 3,4, 5, 7)
*  10,12 in P(3, 4, 4. 5,6) 
* 11,12 in P( 1. 4, 5, 6, 7) 
* ,o .u  in P( 1, 2, 5,7,9) 
*10,14 in P(2, 3, 5, 7,7) 
*10.14 in P(2, 4, 5.6.7) 
* 10,15 in P(2, 3, 5, 7, 8) 
*12,13 in P(3, 4, 5,6,7) 
*12,14 in P( 1, 3, 4. 7,11) 
*12,14 in P(l, 4, 6, 7, 8) 
* 12. U in P(2, 3. 4,7, 10)
*  12.14 in P(2, 3, 5. 7.9) 
*12.14 in P(3, 4, 5,7.7) 
* 12,14 in P(4, 4, 5,6,7) 
*12,15 in P( 1, 4, 5, 6, 11) 
*12,15 in P(3, 4, 5. 6, 9) 
*12.15 in P(3, 4. 5, 7, 8)
*  12,16 in P(2, 5,6 ,7 , 8)
*  14.15 in P(2, 3,5.7,12) 
*14. is in P(2, 5 ,6 ,7 ,9)
*  14,15 in P(3, 4, 5, 7, 10) 
* u . is  in P(3, 5,6 ,7 , 8) 
*14.16 in P (l, 5, 7, 8, 9)
*  ,4.16 in P(3, 4 ,5 ,7 , 11) 
* M.i6 in P(4, 5, 6, 7, 8) 
*15.16 in P(2, 3, 5, 8, 13)
*  15.16 in P (3 ,4. 5. 8, 11)
*  14. is in P(2, 3,7,9,11) 
*,4. is in P(2, 6, 7. 8,9) 
*12.20 in P(4, 5, 6, 7, 10) 
* i 6.ig in P( 1, 6, 8,9, 10) 
* ,«, is in P(4, 6. 7, 8,9)
*  ia. 20 in P(4, 5. 6,9, 14) 
*i«.20 in P(4, 5,7,9,13) 
*i«,20 in P(5, 6. 7,9, 11)
*  is, 22 in P(2. 5, 9, 11. 13) 
* 20,21 in P(3, 4, 7,10, 17)
Singularities 
3 X A i ,  A4 , i4 6  
2 x A i , ^ 2 i 4 3 , 4 6  
ì4 2, Ag
2 X Ay, A(,
A 1 , 2  x A 3
3 X A i ,  A 3 , A 7  
2 X  A4 , A 6
5 x A , , 2  x A 4
4  x A2, A 6
2 Xì42, 3 x A 3 , A , 
A 1 .A 4 , A6
Ag
i42, 2 X A(,
5 X A i , A 3 , A 5 
A 1 . 4 6 . A 7 
2 x A2,A | , ì4 4, ì46 
Aio
Ai , Ai ,  Ay
4 Xi4 1 M 9
A 2 .A 4 .Ag 
A 4 , 2  x A 4 
3 x A 3, 2  x A A 4 
A i ,A io
3 xì4 2 , ì4 1 , i4g 
A 3 .A 6 . A 7
4 X A | ,  A 4 , A 6 
A 1 , A2. A , 1
2  X A], A 3 , Ag 
A 3 , A4 , A 9 
2 X A2, A 5 , A 7  
A 4 . Ag 
A 2 . A 4 , A,o 
A 1 . 2 x A 3 . A 4 . A 3 
2 X A i ,  A i2  
2 X A 3 , A  ¡o 
2  X A2, A 10  
5 x A i , A 2 ,A7 
2 x A 1 . 2 x A 4 . A 6 
A 1 , A2. A 9
2 x A i , 2 x A 3 , A 2 .A6
2 X  A 1 , A2, A 1 3
A 6 , A i 2
A 2 .A 6. A io
A 4 . A , 2
A ] , A i 6
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Weighted K3 surfaces 
X n, 30 in P(6, 8.9 , 10, 15) 
*24,30 in P(8, 9, 10, 12, 15)
Singularities 
2 x A i , 2 x A 2 ,A t,A 4  
A \ , A$, A$, A 2 , A 4
IN .6 W e ig h ted  3 -fo ld  co m p le te  in te rsec tio n s .
This section gives the corresponding conditions and lists for 3-folds.
111.6.1 Theorem: Let X4  be a general hypersurface in P  = P(flo. . ..04) and let a  = d - £ a , .  
X4  is quasismooth, well-formed with only isolated terminal quotient singularities and is not a 
linear cone i f  and only tf all the following hold:
(1) For alii,
(i) d > a,.
(U) there exists a monomial x?xe of degree d  (i.e. there exists e such that a, |d-a€).
(Hi) if at(d, there exists a n m * i ,e  such that Oi \am + a.
(2) For all distinct i, j  with h = hcf(a,, aj)
(i) then h \d.
(ii) there exists an m + i, j  such that h | am + a.
(Hi) one o f the following holds:
either
there exists a monomial xficj of degree d,
or there exist monomials x* 'xj'x tx and x*ix " ixti o f degree d such that e 1 and 
«2 are distinct.
(iv) there exists a monomial of degree d which does not involve x, or Xj.
(3) For all distinct i, J, k, hcf(a„ aj, a*) = 1.
111.6.2 Note. Since the hypersurface is well-formed then (ox  = C \(a).
Proof. Let /  be a general homogeneous polynomial of degree d  in variables xo, X3; 
define X < :( f* 0 )c P .
Xd is quasismooth, well-formed and not a linear cone if and only if Conditions (li), 
(1 ii), (2i), (2Hi), (2iv) and (3) hold (see Cdrollary III.3.6). By calculating the types of the 
singularities on Xd we can show that Conditions ((liii), (21), (2ii) and (3) are equivalent to 
these singularities being terminal; the combinatorial conditions for which are found in 
Lemma in.3.11.
Suppose furthermore that Conditions (liii), (2i), (2ii) and (3) hold. As Xd is 
quasismooth the only singularities are due to the k* -action and hence are cyclic quotient 
singularities on the fundamental simplex A c  P. By Condition (3) only vertices and edges 
need be checked.
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Consider Pi e  Xd. By renumbering we can assume that I = 0. So a Q\d. Condition (1 ii) 
gives that there exists an e # 0  such that a 0 \d - a e. Without loss of generality we can 
assume that e = 1. S o / is  of the form f= X qXX + .... Thus d f/dx\ is nonzero at Pq. By the 
Inverse Function Theorem x 2, *3 and X4 are local coordinates around Po- So /fo e  Xd is of
ty p e -^ -(a 2, <13, <14). However d  = a<> + ... + a 4 + a  and so a o |a 2 + a 4 + o . By Condition 
0
(1/v), ao|oc + am for some m = 2, 3,4. Without loss of generality assume m = 2. By Condi­
tion (liv), a0 \a3 + a 4. Let h = hcf(ao. <13). So h\a2 and hence, by Condition (3), h ■ 1. 
Therefore Pq € Xd is a terminal singularity.
Consider the edge P tP j .  Again by renumbering assume that i = 0 and j  = 1. /  restricted 
to F\)P[ is:
where the sum is taken over the set {(n, m) :nao + ma\ = d). If ao\d then a 0 \ d - a e for 
some e * 0. If e #  1 then h = hcf(a0. a 1 )\<*e and by Condition (4) h = 1. Then is non­
singular. So assume that either a o |d o r a o |d - a i .  Hence /  is not identically zero on I^Pi, 
and so XdrJ^P\ is finite. Each point in this intersection is of type —(<»2» fl3> a d)- By Con­
dition (2*i) h \a  + am for some m = 2 ,3,4. By renumbering assume m =  2. Since 
d  = a 0 + . . .+ a 4 + <x, then A|a3 + a 4. Alsohcf(A,a3>* 1. Thus each point is terminal. 
Therefore Xd in P  has at worst terminal singularities.
Conversely assume that Xd is quasismooth, not a linear cone and has at worst only ter­
minal singularities. Suppose a,{d. By renumbering we can assume that i = 0. So /fc e Xd 
and a0  \d -  at  for some e. Without loss of generality assume that e « 1. As above the singu­
larity at e Xd is of type — (<*2. <»3. <*4)- Since this is terminal we have, after renumber- 
<*o
ing, a 0 \a2 + a 3 and so ao \a  + am for some m. This is Condition (liv).
Suppose h = hcf(a,, af). By renumbering assume that i = 0 and J  ■ 1. A s Xd is well- 
formed then h\d, which is Condition (2i). So P0 P\(~Xd is a finite intersection, where each 
point is of type fl3* <*4)- This *s terminal and so A |a + am for m = 2, 3, 4. This is
Condition (2*1).
Suppose h = hcf(a,, aj, a*). Without loss of generality assume that i = 0 ,  j  ■ 1 and 
k *  2. Let A' = hcf(a0, fli). So h'\d. Hence the line /b/*i contains singularities of type 
<*3 > 04)- As these are terminal h = hcf(A', a 2) ■ 1. This is Condition (3).
□
II 1.6.3 Theorem: There are exactly 4 families o f quasismooth, well-formed 3-fold weighted 
hypersurfaces with only terminal isolated quotient singularities and atx* Og :
X j in P(l, 1 ,1 ,1 ,1)
X 6 in P(l, 1, 1, 1,2)
X$ in P(l. 1 ,1,1,4)
X 10 in P(l, 1, 1,2, 5)
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Notice that the above are all non-singular.
Proof. As Kx = Qx then a  =  0. Suppose h = hcf(a,, fly) #  1 for distinct /, j .  By Theorem 
m .6.1 (2U) there exists an m + i , j  such that h\am + a. However a  = 0 and so h\am. By (3) 
h = 1, a contradiction. Hence a, and fly are coprime for distinct i, j.
Suppose that at{d. Then there exists an m * i ,  e-t such that fl,\am + cl Thus 
ai =  hcf(a,, am) =  1, contradicting arfd. Thus a, |d  for all i.
Order the (a,-} such that 0 4  >  ... >  flo- So 5a4 >  d  >  2a4. Let d  =  kad. As the {fl,} are 
pairwise coprime then a o a i a 2 a 3a 4~1^ ' So a o a i fl2 °3  I*- Also ao + ...+  <13 = (* — 1 )<*4.
There are four cases:
Either (flo. <*1. <*2» <*3) = (1» 1» 1» 1) giving a 4 = 1 (i.e. X5 in P (l, 1, 1,1, 1)) or 
(flo, a \ ,a 2, 03) =  (1 .1» 1,5) giving a 4 = 2  < « 3.
(ii) 4 - 4 .
Either (a0, flj, fl2, « 3) = (1, 1,1, 1) giving 3{4, or (a0, fli, <*2. <*3) = (1, 1» 1,2) giving 
3{5,or(a0, a i , f l2>â3) = (l> 1, 1 ,4 )giving 3/7, all contradictions.
(iii) * = 3.
Either (a0, f l j , 02,<*3) = (1 ,1 ,1 ,1 ) giving a4 = 2  (i.e. X6 in P(l, 1 ,1 ,1 ,2 )), or 
(flo, flj, 02, <*3) = (1,1, 1» 3) giving a 4 = 3, contradicting the coprime condition.
(iv) A « 2.
Either (ao, fli, fl2, <»3) = (1, 1 ,1,1) giving a 4 = 4  (i.e. Xg in P(l, 1 ,1 ,1 ,4 )), or 
(ao, « i , f l2, 4*3) = (1, 1, 1, 2) giving a 4 = 5 (i.e. X 10 in P (l, 1,1,2,5)).
□
Consider the case of codimension 2 complete intersections.
111.6.4 Theorem: Suppose X  =Xdi di in P  = P(a0, . 05) is quasismooth and not the 
intersection o f a linear cone with another hyper surface. Let a  = £  d x. -  £  a, . X is well- 
formed and has at worst terminal singularities if  and only if the following hold:
(1 ) for all i, if  a ,\dx and a ^ d 2 then there exists e \ , «2 and m such that a ,|d i -  a ,, ,  
ai \dj -  a«, and a, |a  + am, where {1, e  1 , «2. m ) are distinct.
(2 ) for all distinct i and j, with h = hcf(a,-, fly), one of the following occurs:
(a) h \d x andh\d2,
(b) h \d i, h \d 2 and h \a  + am for some m + i ,j ,o r
(c) h{d 1 , h \d2 and h \a  + am for some m * t , j .
(3) for all distinct i, j  and k, with h = hcf(a,, fly, at), h \d i, h \d2 and h\<x + am for some 
m + l, j ,  k.
(4) for all distinct i, J, k and l, h = hcf(a,, fly, at, fl/) *  1.
111.6.5 Note. Since the hypersurface is well-formed we have to* = Ox(a).
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Proof. Let J\ and f  be sufficiently general homogeneous polynomials of degrees d , and ¿2
respectively, in the variables Xo......X4 with respect to the weights u q ,  •••» <*4- Define
X :(A « 0 .j5 - 0 ) c P.
Since X is quasismooth the only singularities are due to the k*-action and hence are all 
cyclic quotient singularities occurring on the fundamental simplex A.
Assume Conditions (1), .... (4) hold. By Condition (4) only the vertices, edges and 
faces of A need be considered.
Suppose Pi e  X .  By renumbering we can assume that i =0. So a o { d \  and a o \ d 2 . By 
Condition (1), there exist monomials XQ lx t l  and X q 2x €j of degrees d \  and ¿ 2 . where 
e\ * e 2. Note that this is really quasismoothness. By renumbering we can write e\ = 1 and 
«2 = 2. S o /  a n d /  are of the form:
A =Xq1X i + ...
i = x S ‘l 2  + ...
Thus d /  /dx j and 8/ / d x 2 are nonzero at Pq. By the Inverse Function Theorem, X3, X4 and
x$ are local coordinates. Hence Pq e X  is of type — («3, 0 4 , as). By Condition (1)
a 0
ao\a + am for some m *  0,1 ,2 . Without loss of generality assume m = 3. As 
d i + ¿ 2  =  <*0 + -  +  <*5+ «  then a 0|fl4 +<15- Let h  =  hcf(a0. 0 4 ). So h \ a 5 and, by Condi­
tion (3), h \ d \ .  Since degx$ci = d \ ,  h \ a x and so, by Condition (4), h  =  1. Thus Pq e  X  is 
terminal.
Consider the edge P[Pj. By renumbering we can assume that i = 0  and j  = 1. Let 
h = hcf(a0- a \)- Notice that /fcPi a X dk if and only if h \d \  for X = 0, 1. By Condition (2), 
h |d \  for some X. Without loss of generality assume that h \d \. There are 2 cases:
f\)P\ ''XA =  0) is a finite set of points for X = 0,1. Thus PqPx n X  = 0 .
(b) h \ d 2 .
In this case no monomial of the form Xq°x *' of degree ¿2  exists (or else h\d2). From 
Theorem m.3.7 (with /  = {0, 1}) there exists a monomial XQ°x*'xe of degree d 2, where 
e * 0, 1. By renumbering we can assume that e = 2. Thus /  is of the form:
A  +  ~
and 8/ / d x 2 is nonzero on PQP \O X .  By the Inverse Function Theorem, * 3, x 4  and x j 
are local coordinates and so each point of is of type ^ ( a 3 > <*4. a i)- Condition
(2b) gives h  |a  + a m for some m # 0, 1, 2. Assume that m = 3. and so h  (04 + <15. Let 
h ' = hcf(/i, 04). So h\a4  and thus by Condition (4) h=  1. Thus these points are termi­
nal.
Therefore X  has at worst terminal points along PqP\ .
Consider the face P iP jP t■ As before assume i = 0, J = 1 and k = 2. By Condition (3) 
/i = hcf(a0. a x,a 2 )\dx and h\d2. So PbP\Pi intersects X transversally. Each point in the 
intersection is of type a A> <*5>- As A|a + a m for some m # 0, 1, 2, after renumbering,
h \ a ^  + 0 4 . By Condition (4) hcf(/i, 03) «  1. Thus these points are terminal.
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Therefore Condition ( 1 ) , ( 4 )  are sufficient.
Conversely assume that X has at worst terminal singularities. Suppose Oi{d\ and a,{¿2* 
By renumbering assume i  = 0. Thus /*o € X. Since X  is quasismooth there exist 2 monomi­
als XqX€i and x ”xtl  of degrees d x and ¿ 2, where e \ *  e 2. This gives the first part of Condi­
tion (1). Without loss of generality we can assume that e\ = \ and ¿2  = 2. As before we
find that e  X  is of type — (03, 04, 05). As this is terminal, after renumbering, 
flo
O0 I0 3  +  0 4  and  s o o o l a  +  0 5 . T his is C ondition  (1).
Suppose h = hcf(o,', aj) for distinct i and j. As usual we can renumber such that i = 0 
and 7 = 1. As X is well-formed then h \d \  for some X. Suppose h \d\. If h\d2 then this is 
Condition (2o). So assume that h{d2. As above each point of P0 Pxr X  is isolated and of 
type- -^(03, 04, 05). After renumbering, A |a 3 + 0 4  and so A|a + 05. This is Condition (26). 
Likewise for the case when h \d 2 but h{d\. This gives Condition (2c).
Suppose h = hcf(Oj, aj, o*) for distinct t, j  and k. Renumber such that i = 0, j  = 1 and 
k = 2. Since X is well-formed h \dx and h \d2- PbP\P2r X  is a finite number of points, all of 
type - -^(03, 04, 05). As these are terminal, after renumbering, h\a2 +04  and so A |a + fl5. 
This is Condition (3). Condition (4) follows from the fact that hcf(/t, 03) =  hcf(/i, 04) = 1.
So these conditions are necessary.
□
n i .6 .6  Codimension 2 weighted 3-folds with trivial canonical bundle.
The 4 families of 3-fold codimension 2 quasismooth, well-formed complete intersec­
tions with at worst terminal singularities, a>* = Ox and £ a ,  < 100 are:
X2.4 in P (l, 1, 1, 1, 1, 1)
X3 3 in P( 1, 1, 1, 1, 1, 1) 
X 3' 4 in P( 1, 1, 1, 1, 1,2) 
X4.4 in P (l, 1. 1, 1,2, 2)
Again the above are all non-singular.
III.7  Canonically em bedded w eighted 3-folds.
II 1.7.1 Canonically embedded 3-fold weighted hypersurfaces.
There are 23 families of 3-fold weighted hypersurfaces with only terminal isolated quo­
tient singularities with cox = Q r(l) and < 100.
Hypersurface. X i Pt Singularities.
X 6 in P(l, 1, 1. 1 . i) 6 5
! < i , - i , i )X 7 in P(l, 1, 1.1.2) i n 4
X a in P(l, 1, 1,2,2) 2 3 4 x 2.(1,- l ,  1)
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Hypersurface. * 1 P*
X 9  in P(l, 1,1, 2, 3) 3/2 3
X io in P (l, 1 . 1 , 1,5) 2 4
X 10 in P (l, 1,2, 2, 3) 5/6 2
X i2 in P(l, 1, 1 ,2,6) 1 3
X 12 in P(l, 1,2, 3,4) 1/2 2
X 12 in P (l,2 , 2, 3, 3) 1/3 1
X i4 in P(l, 1 ,2 ,2 ,7 ) 1/2 2
X i3 in P( 1, 2, 3. 3.5) 1/6 1
Xid in P(l, 1.2. 3, 8) 1/3 2
X ,6 in P(l, 2, 3, 4, 5) 2/15 1
X ,g in P(l, 2, 2, 3,9) 1/6 1
X lg in P(2, 3. 3, 4, 5) 1/20 0
XM in P(2, 3. 4, 5, 5) 1/30 0
X2i in P (l, 3. 4, 5,7) 1/20 1
X 22 in P(l, 2, 3 ,4 , 11) 1/12 1
XM in P(l, 3, 4, 5. 14) 1/30 1
Xa  in P(3, 4, 5, 7, 8) 1/120 0
X 30 in P(2, 3. 4, 5,15) 1/60 0
X40 in P(3, 4, 5 ,7 . 20) 1/210 0
X46 in P(4, 5. 6. 7, 23) 1/420 0
Singularities.
¿ o . - i .  »
5X4-(l.—1. l),i(l,-l, 1)
2 X ¿ ( 1 , - 1 .  1)
3 x  ¿ < 1 .-1 , 1)
6 x i ( l ,  - I .  l ) , 4 x | ( l , - l ,  1)
7 x 1 ( 1 , —1,1)
¿ ( 1 . - 1 ,  l ) . 5 x i ( l , - l ,  1)
2 x 4 ( 1 , —1 , 1 ) ,1 ( 1 . - 1 . 1)
4 x  1 (1 , -1 ,  1), 1 (1 ,  -1 , 1), | ( 1 ,  -1 , 2)
9 X 1 ( 1 , —1, 1) , 2  X ¿ ( 1 ,  - 1 , 1 )
4 x 1(1 , - 1 , 1), 6 x 1(1 , - 1 , 1), ¿ ( 1 . - 1 , 1), ¿ ( 1 , - 1, 2)
5 X 1(1 , - 1 , 1 ) ,  i ( l .  - 1 , 1 ) ,  4  X 1 ( 1 ,  - 1 , 2 )
¿ ( 1. - 1 . 1). y ( l .  - 1 . 2)
5 x  ¿ (1 .  -1 ,  1). ¿ (1 .  - 1 . 1), ¿ (1 .  - 1 , 1)
¿ ( 1 , - 1 ,  l ) , i ( l , - l ,  IX ¿ ( 1 , - 1 ,1 )
1 (1 . -1 .1 ) .  3 x  ¿ (1 ,  -1 .1 ) ,  ¿ (1 ,  - 1 .2 ) .  ¿ (1 .  - 1 .  3)
7 x  ¿ (1 ,  -1 ,  1), 2 x  ¿ (1 ,  -1 , 1), ¿ (1 ,  - 1 .  1), 2 x  ¿ (1 , - 1,2 )  
¿ (1 .  - 1 .1 ) .  2  x  ¿ (1 .  -1 .  IX 2  x  ¿ (1 .  - 1 .2 ) .  | ( 1 .  - 1 .2 )  
l ( l . - l . l ) ,  3 x  ¿ (1 ,-1 ,1 ) .  ¿ (1 .-1 .2 ) ,  ¿ ( l . - l . l ) ,  ¿ ( 1 - 1 ,3 )
This list was produced using the program hyp.c (see section ID. 10.7). In fact the pro­
gram was run much further but produced no more examples. I conjecture that the lists in this 
section and in sections III.7.3, III.8.5, and m .8.6 are complete lists, and not limited by
Z * . < I««-
111.7.2 Interesting Example. The family X44 in P(4, 5, 6, 7, 23) has pg. Pi and P$ all 
zero. This is the closest, using weighted complete intersections, to answering the question 
posed in II.4.9.
111.7.3 Canonically embedded codimension 2 weighted 3-folds.
There are 39 families of 3-fold codimension 2 weighted complete intersections satisfy-
ing the conditions of Theorem m.6.4 with to* £ Q r(l) and < 100.
Complete Intersection * 1 Pi Singularities.
X 2.5 in P (l, 1 . 1 . 1 , 1 , 1) 10 6
X3 4 in P (l, 1, 1. 1, 1, 1) 12 6
X3i3 in P<1. 1. 1 .1 .1 .2) 15/2 5 ¿ ( 1 . - 1 . i)
X4 4 in P (l. 1, 1 .1 .1 ,2) 8 5
X3]6 in P (l, 1, 1 ,1 ,2 ,2) 9/2 4 3 X ¿ (1 .-1 ,1 )  
2 x ¿ ( 1 , - 1 , 1)X4,3 in P (l, 1, 1 ,1 ,2 ,2) 5 4
Complete Intersection 
* 2.8 in PCI, I, I. 1, 1,4) 
X 4 6 in P(l, 1, 1, 1.2. 3) 
X4.« in P ( l , l ,  1.2. 2. 2) 
X3 ,  in P (l, 1,1. 1 ,2 .4) 
X4t7 in P (l, 1. 1 ,2 ,2 . 3) 
X5 6 in P(l, 1 .1 ,2 ,2 . 3) 
X4 6 inP (l. 1 ,1 .2 , 3. 3) 
X4 8 in P(l, 1,2, 2, 2, 3) 
X i.iinPC l, 1,2, 2 .2 .3 ) 
X3. 10inP (l, 1 ,1 ,2 ,2 ,5 ) 
X4>9 in P(l, 1,2, 2, 3, 3) 
X 6 i7  in P(l, 1,2, 2, 3, 3) 
X4, 10 inP (l. 1 ,1 ,2 , 3. 5) 
X4. ,0 in P(l, 1,2. 2 .2 ,5 ) 
X6ig in P(l, 1,2, 2, 3. 4) 
X6>,  in P(l, 2, 2. 2. 3, 3) 
X 6t9 in P ( l , l ,2 ,  3. 3.4) 
X6.9 in P(l, 2, 2. 3. 3, 3) 
X* 12 in P(l, 1. 2. 2. 3 .6) 
X& io in P(l, 1,2, 3. 3. 5) 
Xo, io in P(l, 2, 2. 2. 3.5) 
X6, io in P(l, 2, 2, 3. 3.4) 
X4. u  in P(l, 2, 2. 2, 3.7) 
^ 6, 12 i11 P d . 2 , 2 . 3.4. 5) 
Xg.,0 in P(l, 2, 2, 3.4, 5) 
Xo, 12 in P(l, 2, 3. 3 .4 ,4) 
X* ,2 in P(2, 2. 3. 3. 3,4) 
X6> ,3 in P(l. 2. 3. 3,4, 5) 
X9 10 in P(l, 2, 3. 3,4. 5) 
X«, ]4 in P(l, 2, 2. 3 ,4 ,7) 
Xt, 12 in P(l. 2 , 3. 4.4. 3) 
X* ,4 in P(2, 2. 2. 3. 3.7) 
X,. ,2 in P(2, 2, 3. 3.4,  5) 
X *  ,3  in P(2, 3. 3. 3,4,  5) 
X 6 |4 in P(l, 2, 3. 3,4,  8 ) 
X ,0.12 in P(l, 2, 3 .4 .  5 , 6) 
X 10,12 in P(2, 2, 3 ,4 .  5.5) 
X 10.12 in P(2, 3. 3 . 4 .4 .  3)
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Pf Singularities.
4 5
4 4
3 3 6 x f ( l . - 1 . 1 )
2 x 1 ( 1 , — 1 , 1 )3 4
7 / 3 3 | ( 1 . - 1 .  « . 2 x | ( l . - l ,  1 )
5 / 2 3 3  x - ¡ - ( 1 , - 1 ,  1 )
2 3
4 / 3 2 1 ( 1 .  “ 1 .  1 ) , » X | ( 1 , - 1 ,  1 )
3 / 2 2 9 x 2.(1, -1 ,1)
5  X  y ( l ,  - 1 ,  1 )
2  X  - ¡ - ( 1 , - 1 , 1 ) ,  3  X  y ( l ,  - 1 , 1 )
3  X y ( l , — 1 ,  l ) , 2 x  y ( l . - l ,  1 )
3 / 2 3
1 2
7 / 6 2
4 / 3 3 1 ( 1 . - 1 . 1 )
1 2 1 0  X y ( l , - l ,  1 )
1 2 O X  y ( l , — 1 ,  1 )
2 / 3 1 1 2  X y ( l , - l ,  1 ) ,  2  X  y ( l ,  - 1 ,  1 )
3 / 4 2 • $ < 1 . - 1 .  D , | ( l . - 1 ,  1 )
1 / 2 1 3  x  y ( l , — 1 ,  l ) , 6 x l ( l , - l ,  1 )  
4 x l ( l . - l .  1 ) .  2 x  y ( l ,  —1 , 1 )  
2 x | ( l , - 1 , 1 )
2 / 3 2
2 / 3 2
1 / 2 1 1 3  x  2 . ( 1 ,  — 1 ,  1 )
5 / 1 2 1 1 ( 1 .  - 1 . 1 ) ,  7  x  1 ( 1 ,  - 1 . 1 ) ,  2  x  1 ( 1 ,  - 1 .  1 )  
I < 1 . - 1 , 1 ) .  1 4  x  1 ( 1 ,  — 1 ,  1 )  
y ( l ,  - 1 ,  2), 9 X  y ( l ,  -1 , 1 )  
y ( l ,  — 1 ,  1 ) ,  1 0  X  y ( l ,  — 1 ,  1 )
1 / 3 1
3 / 1 0 1
1 / 3 1
1 / 4 1 3 x  3 . ( 1 , - 1 , 1 ) ,  3  x  2 . ( 1 , - 1 , 1 )  
9  X  y ( l .  — 1 ,  1 ) .  »  X  y ( l .  — 1 ,  1 )1 / 6 0
1 3 / 6 0 1 1 ( 1 .  - 1 . 1 ) .  ! < 1 .  - 1 ,  2). 1 ( 1 ,  - 1 , 1 ) ,  2  x  1 ( 1 ,  -
| ( 1 ,  - 1 .  1 ) .  2  X  y ( l ,  — 1 ,  1 ) ,  3  X  y ( l ,  - 1 .  1 )  
1 ( 1 , - 1 , 1 ) ,  1 0 x l ( l , - l .  1 )
1 ( 1 , - 1 ,  l ) . 6 x l ( l ,  - 1 . 1 )
1 / 4 1
1 / 4 1
1 / 5 1
1 / 6 0 2 1  x  1 ( 1 , - 1 , 1 ) ,  2 x  1 ( 1 , - 1 , 1 )
2 / 1 5 0 1 ( 1 .  - 1 , 2 ) ,  1 2 x 1 ( 1 . - 1 , 1 ) ,  4  x  1 ( 1 , — 1 , 1 )  
1 ( 1 , - 1 . 1 ) , 1 < 1 , - 1 ,  1 ) ,  1 0  x  1 ( 1 , - 1 . 1 )1 / 1 2 0
1 / 6 1 2  x 1 ( 1 , - 1, 1), 2  x 1 ( 1 , - 1 . l ) , 2 x l ( l ,  - 1. 1) 
5 x  y ( l , —1 , « . 2 x 1 ( 1 , - ! ,  1)1 / 6 1
1 / 1 0 0 1 5  x  1 ( 1 ,  - 1 , « , 2 x 1 ( 1 ,  - 1 , 2 )
1 / 1 2 0 6 x  y ( l , - 1 , 1 ) ,  4  x  ■ $ - ( ! .  - 1 . 1 ) .  3  x  1 ( 1 ,  - 1 . 1 )
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Complete Intersection x \ Pi
Xt, ,j in P(2, 3, 3. 4, 5.3) 1/15 0
X6.„  inPU .2,3, 3.3.9) 2/15 1
X ^ n in P a , 2. 3, 3.4.9) 1/12 0
X ,o. u  in P(2. 2. 3.4.3.7) 1/12 0
Xt, 20 in P(l. 2, 3. 4,3. 10) 1/10 1
Xu. i4 in P(2, 3.4.4. 3.7) 1/20 0
*12.13 inP(1.3.4. 3,6,7) 1/14 1
*  10. i> in P(2, 3.4. 3.6.7) 1/28 0
* 12. it in P(2, 3.4. 3. 6.7) 4/105 0
*  i. 22 in P(2. 3, 4, 4. 3. 11) 1/30 0
*  12. it in P(2, 3 .4 ,3 .6.9) 1/30 0
* 12. it inP(3. 4.4, 5,6.7) 3/140 0
* 10.21 >nP(3.4. 3. 5.6.7) 1/60 0
* 12.21 »n P(3. 4. 5, 6. 7,7) 1/70 0
*12.2$ in P(3.4. 5.6.7. 14) 1/105 0
Singularities.
2 x 2(1. -1 .1 ). 5 x 2(1, -1. 1). 3 x 2(1, -1 ,2) 
T<1. —1. 2). 4 X 2(1, —I. 1)
2 (1.-1.1), 13 x 2.(1, -X. 1). 4 x 2.(1, -1 ,1) 
2(1. -1 . » .  2.(1. -1 . 1). 17 X 2(1. —1, 1)
3 x | ( l . - l .  l ) . 2 x i ( l .  -1 ,2 )
2(1. -1 .2), 9 x 2.(1, -1 .1), 3 x 2<1, -1 ,1) 
i ( l , -1 .2 ) . 2 .(1 .-1 .1)2 (1. 1 2) , l ,  l
2(1, -1 ,1 ) . 2(1, _ l ,  3), 7 x  2 (1 , - l ,  1), 3 x 2 (1, -1 , l) 
2(1. -1 ,2 ) , 2 (1. - 1.2), 8 x 2 (1, - l ,  l), 2 x 2 (1, -1,1)
2(1. —1.1). 2 (1 , -1 ,1 ), 10 x  2(1, -1 .1 ) , 2 x 2 (1, -1,1 
2(1. -1 ,1 ) . 9 x 2 (1, -1 ,1 ), 4 x  2 (1 . - l ,  l) 
i d ,  -1 .1 ) . 2 (1 , -1 .2 ), 3 x 2 (1 , _ i ,  l), 3 x 2(1, - l ,  l) 
| ( 1 ,  -1 ,1 ) . 2 (1 . -1 .1 ), 3  x  2 (1 , - 1 ,1 )  2 x  1(1 , -1,2) 
2(1, -1 ,2 ) . 2 (1 , - l ,  l), 3 x 2(1, _ l .  2)
t < y ( l , ', -1 ,1 ) . 2 x 2 (1, - l ,  l), 2 x  2 (1 - 1, 1), 2 x 2 (1 - 1,:
III.8  Q-Fano 3-folds. ,
In [R4, section 4.3] Reid conjectures that if X is a Q-Fano 3-fold then Ox(-Kx) has a 
global section. This is false as shown by the following example:
III.8.1 Example.
The family X 12, u in P(2, 3, 4, 5, 6, 7) is an anticanonically embedded Fano 3-fold with 
only the following isolated terminal singularities: 1 of type y(4, 1, 2), 2 of type y(2, 1,1)
and 7 of type y (l, 1,1). Since it is well formed, Kx = ——  and (p* = Qr(-l)- Hence by the 
plurigenera formula (see section 11.6) Kx .ci * —|j-j- <0. However Ok(-Kx ) has no global 
section.
The singularities are checked as follows. Let u, v, w, x, y and z be the homogeneous 
coordinates of weights 2, 3,4, 5, 6 and 7 respectively. Let /, g be homogeneous polynomials 
of degrees 12 and 14 respectively. Then X * (f, g) in P » P(2, 3,4, 5, 6, 7).
Consider the vertices of the weighted projective space P. Since 5{12 and 5{14, Pi 6 X. 
So
/■ x 2u + ...
g mX2W + ...
Thus {v.y, x) are local coordinates around Pi, which is therefore a singularity of type 
y(3, 6, 7), i.e. y(4, 1, 2). There are no other venices contained in X.
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Con sider the 1-dimensional loci of P.
H) #V A ■ hcf(2, 4) = 2 and
f = u 6 + w 3 +... 
g = u 7  + w2y  +...
So the local coordinates are {v, x , z) and the singularities are of type y ( l ,  1, 1). There 
are 3 such intersection points (by Lemma ni.3.12 applied toX 6 in P(l, 2».
P0 P4: Likewise h = hcf(2, 6) -  2 and
/ = u 6 + y 2 + ...
g = u7 + u 5w + y2u +...
(1=0) in P(l, 3) is 2 points by Lemma III.3.12. So there are 2 singularities of type 
1 (1 ,1 .1 ) along P0 PA.
Pi P4: There is only 1 singularity of type y ( l ,  1, 1) on this line.
Pi PA: This time h = hcf(3,6) * 3  and
/ = v 4 + y 2 + ... 
g = v4u + y 2u +...
So there are 2 of type y ( l ,  -1 ,1).
Consider the only singular 2-dimensional locus, PqPi Pa, o f P where 
h = hcf(2,4, 6) = 2. By Lemma III.3.13, there are 7 intersection points (some of which have 
already been counted) of type y ( l ,  1 , 1).
The arrangement of singularities is shown below.
Experimentation leads to the following:
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ni.8.2 Conjecture: Every weighted hypersurface Q-Fano 3-fold X, with canonical singu­
larities, has a global section o f to*1.
This is clear in one particular case.
111.8.3 Lemma: Consider Xd in P(a0, .... a 4 ) be a family o f Q-Fano 3-folds with only iso­
lated terminal singularities. Suppose also that a0  < ... < a4 and Then CD*1 has a glo­
bal section.
Proof. As a 4{rf, the vertex P4  is contained in X. The condition for a terminal singularity at 
Pi gives that there exists an am such that a 4\am + a. So am = pa 4  + (-a )  for some integer p. 
Since a < 0  and 0 4  >am, then p  < 0. Thus d e g C r ^ ^ )  =  - a  and so dim 5_a  > 1. By 
[WPS. Theorem 1.4.1] /TiM*1) «  where R * >0H°(Qr(«)). and so G*' has a global
section.
□
Notice that when a  = -1 , there exists a generator x, with degfx,) = 1, i.e. a 0  = 1.
111.8.4 Lemma: There is a bijection between the following:
(i) the set o f families o f quasismooth, well-formed weighted surface hypersurfaces Sd in 
P(a l , .... fl4) with only canonical singularities and trivial canonical class.
(ii) the set o f families o f quasismooth, well-formed weighted 3-folds hypersurfaces Xd in 
P(l, a  1 ,..., a 4 ) with only canonical singularities and to* = Q r(-l).
Proof. Suppose that Sd in P = P(a j ,.... a4 ) is a K3 surface, with at worst canonical singu­
larities. By comparing the conditions in Theorems III.5.1 and III.6.1 it is clear that the con­
ditions of the latter are satisfied for X = Xd in P (l, a \ ,.... an). Thus X  is quasismooth with at 
worst terminal singularities.
Conversely suppose Xd in P (l, a j , .... an) is quasismooth and has at worst terminal 
singularities. It can be seen from Theorems III.5.1 and III.6.1 that only condition (1 ii) of 
Theorem m .4 .1 needs proof (the others being either trivially satisfied or equivalent in both 
the surface and the 3-fold case).
Set a 0  = 1 and consider a, for i #0 . Suppose that Condition (lii) does not hold. So 
orfd -  a , for all e = 1,.... 4. In particular arfd. Thus a, \d -  a 0, i.e. a, \d -  1. Since arfd then 
Theorem III.6.1 (lfv) gives that there exists an m * 0 , i such that a,|am -  1. Hence 
a, |(d -  1) -  (am -  1), i.e. a, |d -  am, a contradiction. So a, |d -  ae for some e #  0,1 which is 
Condition (1//) of Theorem ni.5.1.
□
Each singularity on the K3 surface is of type —(a, -a )  for some r and a, with respect to 
some pair of the coordinates x i ,.... X4 . Forming the corresponding Q-Fano 3-fold results in 
an extra local coordinate xo at each singularity, which is thus of type -^-(a, - a ,  1). A similar 
result holds for higher codimensions.
This lemma gives a bijection between Reid’s list of 95 families of weighted K3 surfaces 
(see section III.5.3 or [R4, section 4.5)) and the 95 families of weighted Q-Fano 3-folds 
found by a computer search and listed below.
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m .8 .5  List of anti-canonically embedded (Q-Fano) weighted 3-folds.
The 95 families of weighted Q-Fano 3-folds, with a  = - l  and ! 
below.
Hypersurface
X4 in P (l, 1, 1. 1 . 1) -4
X5 in P fl. 1, 1 . 1 . 2) -5/2
X6 in P (l, 1, 1 .1 .3 ) -2
X 6 in P (l, 1. 1. 2, 2) -3/2
X7 in P il ,  1. 1.2, 3) -7/6
X8 in P (l, 1, 1. 2 , 4) -1
X « in P ( l .l . 2.2. 3) -2/3
X 9 in P (l, 1, 1.3.4) -3/4
X 9 in P (l, 1, 2. 3. 3) - 1/2
X I0 in P (l, 1, 1. 3.5) -2/3
Xio in P (l, 1, 2. 2 ,5) - 1/2
Xio in P (l, 1, 2. 3.4) -5/12
Xn  in P( 1, 1. 2, 3,5) -11/30
X 12 in P (l, 1, 1. 4 , 6) - 1/2
X ,2 in P (l, 1. 2. 3 ,6) -1/3
X 12 in P (l, 1. 2.4 ,5 ) -3/10
X 12 in P (l, 1. 3 .4 ,4) -1/4
X 12 in P (l, 2. 2, 3.5) -1/5
X 12 in P (l, 2. 3. 3.4) -1/6
X )3 in P (l, 1. 3.4, 5) -13/60
Xi4 in P (l, 1, 2.4 ,7 ) -1/4
Xi4 in P (l, 2. 2. 3.7) -1/6
X ,4 in P( 1, 2. 3 .4,5) -7/60
X ,3 in P( 1, 1. 2. 5.7) -3/14
X ,3 in P( 1, 1. 3 ,4 ,7) -5/28
X ,3 in P( 1, 1, 3 ,5 .6) -1/6
X ,3 in P( 1, 2. 3.5, 5) -1/10
X is in P( 1, 3. 3.4. 5) -1/12
Xj6 in P (l, 1. 2. 5. 8) -1/5
X ,6 in P (l, 1. 3,4, 8) -1/6
X ,6 in P (l. 1. 4. 5 .6) -2/15
X 1« in P (l, 2.3 .4 .7 ) -2/21
X |7 in P( 1, 2. 3 .5 .7) -17/210
X u  in P (l, 1. 2, 6.9) - 1/6
Singularities.
¿ 0 . - 1. i)
3 x +<1 , - 1 , 1)
+ 0 .  - 1 .1 ) .  ¿ 0 . - 1 .  1)
2 * j ( l , - l ,  1)
4 X y ( l ,  —1, 1), + 0 , - 1 ,  1)
+ 0 . - 1 . 1)
+ 0 , - 1 .  1), 3  X + ( 1 , - 1 ,  1)
* < 1 .-1 . 1)
5 x + (1,-1 , 1)
2  x  ¿ ( 1 . - 1 , IX ¿ 0 . - 1 .1 ) .  - J -O .- l .  
+ 0 . - 1 . 1 ) . -J-O .- l. D . + 0 . - 1 . 2 )  
¿ 0 . - 1 . 1 )
2 X + ( 1 ,  - 1 .  1), 2  X + ( 1 ,  - 1 ,  1 )
3 x  ¿ ( 1 , - 1 , IX + 0 . - 1 . 1 )
3 x  ¿ ( 1 , - 1 , 1 )
6 x  ¿ ( 1 , - 1 ,1 ) .  - J - 0 ,-1 .2)
3 X ¿ (1 ,-1 , 1), 4 X +(1,—1, 1)
J-<1 . - 1, 1). i ( l . - l .  1) . | ( 1 . - 1 . 1)
3 x + ( l , - l ,  1 X + 0 .- 1 ,1)
7 x  ¿ ( 1 , - 1 , IX + 0 . - 1 . 1 )
3 x ¿ ( 1 .  - 1 ,  IX  ¿ ( 1 ,  - 1 , 1 ) .  2 .( 1 ,  - 1 .
+<1 , - 1 , IX + 0 , - 1 .3)
¿ ( 1 . - 1 .  IX ¿ 0 . - 1 . 2 )
2 x  3.(1, - 1 ,  IX + 0 , - 1 ,  1)
¿ ( 1 , - 1 ,  IX  3  x  ¿ ( 1 , - 1 , 2 )
5 x  ¿ ( 1 , - 1 ,  IX ¿ ( 1 . - 1 .1 )
2 x ¿ ( 1 , - 1 ,  IX  ¿ ( 1 , - 1 . 2 )
¿ ( 1 , - 1 ,  IX  2 x ¿ ( 1 , - 1 ,  1)
¿ ( 1 . - 1 ,  IX + 0 . - 1 .  IX + ( 1 . - 1 .1 )
4 x  ¿ ( 1 , - 1 ,  IX ¿ 0 , - 1 .  IX + < 1 .-1 . 
¿ ( 1 . - 1 .  IX + ( 1 . - 1 . 1 X + 0 .- 1 .2 X
3 x  ¿ ( 1 . - 1 .  IX + 0 , - 1 . 1 )
100, arc listed
1)
IX + 0 . - 1 , 2)
2)
+ 0 . - 1 . 3 )
Plurigcnera of 3-folds and Weighted Hypersurfaces. -83-
Hypersurface. 
X ,i in P d . 1. 
X j . in P d .  1. 
X lt in P (1. 2, 
X I8 in P (l, 2, 
X n  in P (l, 3, 
X |9 in P (l, 3, 
Xjo in P (l, 1. 
Xjo in P (l, 2, 
XM in P ( l ,2, 
X20 in P (l, 2, 
X20 in P (l, 3, 
X 2l in P (l, 1. 
X21 in P d . 1. 
X21 in P (l, 2, 
X21 in PO, 3» 
X22 in P (l, 1 . 
X22 in PO, 1. 
X22 in P (l, 2, 
X24 in P (l, 1 . 
X24 in P (l, 1 . 
X24 in PO, 2, 
X ja in P( 1, 2, 
X24 in P (l,3 , 
X24 in P (l, 3, 
X24 in P (l, 3, 
X24 in P (l, 4, 
X25 in PO, 4. 
X26 in PO. 1. 
X26 in P (l, 2. 
X26 in PO. 2, 
X27 in P (l, 2, 
X27 in P (l, 5. 
X n  in P (l, 1, 
X2g in P (l, 3, 
X M in P (l, 4, 
X30 in PO. 1, 
X jo in P (l, 1,
KÌ Singularities.
3 .5 .9 ) -2/15 2 x $ (1 ,-1 , » .$ < 1 .- 1 .1)
4 .6 .7 ) -3/28 •$<1.-1. » .$ < 1 .-1 . » .$ < 1 .-1 . »
3 .4 ,9 ) •1/12 4 X $(1 , -1 . » ,  2 X $-0, -1 , » ,  $-<1. -1 , »
2 X 1(1 , -1 , » ,  $ 0 ,  -1 .2 ). $ 0 .  -1 . 3)
3 X 1(1. -1 , » .  1(1. -1 , » ,  1(1. -1 . » .  $-<1. -1 . »
3.5, 8) -3/40
4 ,5 .6 ) •1/20
4 ,5 .7 ) -19/420 +<1.-1. » .  $ 0 .  -1 . » .  $ 0 .  -1 . 2), $ 0 .  -1 .2 )
4, 5.10) 
3 .5 .10)
-1/10
-1/15
1 (1 ,-1 . » .  2 X $-<1,—1, »
2 X $(1, —1. » , 1(1. -1 . » .  2 X $ (1 , -1 ,2 ) 
5 X |( 1 ,  - 1 . 1 ) , |( 1 . -1 .2 )
3 X 1(1, -1 . » . 1(1. -1 . » .  $ 0 .  -1 . 3) 
$.(1, -1 , » .  2 X 1(1. -1 . » ,  1(1, -1 . 3)
4 .5 .9 ) •1/18
5 .6 .7 ) •1/21
4.5. 8) -1/24
3.7,10) •1/10 + 0 . - 1 . 3>
5.7. 8) -3/40 $ 0 . - 1 .2 ) ,  $ 0 , - 1 .1 )
1(1 , -1 , » ,  2 X 2(1, -1 , » . 2.(1. -1 .4 )  
3 X $-(1, -1 . » , 1(1, -1 ,2 ), 1(1. -1 . »
3 .7 .9 ) -1/18
5 .6 .7 ) •1/30
3.7.11) -2/21 $ 0 . - 1 .  » .$ ( 1 ,- 1 ,  2)
$ 0 . - 1. » . $ 0 . - 1. » . $ 0 . - 1. »4.6, 11) -1/12
4,5. 11) • 1/20 5 X $ 0 .  -1 . » , $ 0 ,  -1 , » .  $ 0 .  -1 . »
2 X $ 0 . - 1 .  » . $ ( 1 , - 1 ,»3. 8, 12) •1/12
6. 8.9) •1/18 $ 0 , - 1 ,  » .$ ( 1 .- 1 .  » . $ 0 . - 1 .  »
3.7.12) -1/21 2 X $(1 , -1 . » .  2 X $(1 , -1 , » ,  $<1. -1 .3 )
3 X $ (1 ,-1 .1 ) , -2 -0 ,—1,4)
2 X 1(1, -1 .1 ), 2 X $(1 , -1 , » . $ (1 . -1 , 2)
3, 8. 11) •1/22
4,5. 12) •1/30
4.7. 10) •1/35 $ 0 , - 1 .  » .$ < 1 .-1 .2). $ $ 0 .-1 ,3 )
6,7. 8) • 1/42 4 X $(1, -1 . » , $ 0 ,  -1 , » ,  $ 0 ,  -1 . »
2 X $(1 , -1 , » , 1(1, -1 , » , $ 0 ,  -1 . » . $ 0 ,  -1 ,2 )5 ,6 .9 ) •1/45
5 .7 .9 ) -5/252 $ 0 . - 1 .  » . $ 0 . - 1 , 3). $ 0 . - 1 .2 )  
$ 0 .- 1 .2 ) ,  $ 0 , - 1 .  »5.7,13) -2/35
3. 8, 13) •1/24 3 X $(1 . -1 . » .  $ 0 .  -1 . » .  $ 0 ,  -1 .3 )
5. 6, 13) •1/30 4 X 1(1 , -1 . » . 1(1, -1 ,2 ), $ 0 . - 1 .  »
5.9. 11) -3/110 $ 0 .  -1 . » .  $ 0 .  - 1. » .  + 0 .  -1 . 5)
$ 0 .  -1 . » .  $ 0 . - 1 .  » . $ 0 .  -1 . » .  $ 0 .  -1 .3 ) 
$ 0 . - 1 .  » . $ 0 . - 1 . 2)
6. 7.9) -1/70
4. 9, 14) •1/18
4, 7. 14) .1/42 $ 0 . - 1 .  » . $ 0 . - 1 . 1 ).2 X $ (1 ,—1 ,2)
6.7. 11) • 1/66 2 X $ 0 .  -1 , » , $ 0 ,  -1 . » , -2-0. -1 .3 )
4, 10. 15) • 1/20 $ 0 . - 1 .  » . $ 0 . - 1 .  IX $ 0 . - 1 .  »
6. 8, 15) • 1/24 $ 0 , - 1 .  » .$ ( 1 .- 1 .  IX $ 0 . - 1 .  »
A. R. Fletcher. -84-
Hypersurface. Singularities.
X30 in P(l, 2, 3, 10. 15) -1/30 3 X  y ( l ,  -1 ,1 ), 2 x -
5 X  + 0 . - 1 . IX + 0 .Xjo in P(l, 2 ,6 , 7,15) -1/42
Xjo in P(l, 3,4, 10,13) -1/52 + 0 . - 1 , IX +<1 . - 1 .
+ 0 , - 1 , 1). 2  x + ( 1 , 
+ 0 . - 1 . 1 ). + 0 , - 1 ,
X30 in P(l, 4 ,5 ,6 ,15) -1/60
XyQ in P(l, 5 ,6 , 8,11) - 1/88
X y i  in P(l, 2 ,5 .9 .16) -1/45 2  X + 0 . - 1 , 1X + 0 , 
2  x + 0 . - 1 , IX + 0 .X y i  in P(l, 4, 5,7,16) -1/70
X33 in P (l,3 , 5.11,14) -1/70 + ( 1 , - 1 , 1 ).+¡-(1 , - 1  
+ 0 . - 1 , 1 ). + 0 . - 1 ,
+ 0 . - 1 , 1 ), 2 x + ( 1 , 
+ 0 , - 1 , 2) ,+ 0 . - 1 ,
X34 in P (l,3 ,4 , 10,17) -1/60
X34 in P ( l ,4 ,6 ,7 ,17) -1/84
X 36 in P (l, 1.5.12,18) -1/30
X34 in P (l, 3,4, 11.18) - 1/66 2  x + 0 , - 1 , 1) ,+ ( 1 .
*34 in P(l, 7, 8,9 .12) -1/168 + 0 . - 1 ,3 ) .+ 0 . - 1 , 
+ 0 , - 1 , 1), + 0 . - 1 , 
+ 0 , - 1 . 1), + 0 . - 1 ,
X 34 in P (l, 3,5,11.19) -2/165
X 38 in P(l, 5 ,6 , 8,19) - 1 /12 0
X 4 o in P (l,5 ,7, 8, 20) -1/140 2 x + 0 ,  - 1 ,2X +(1,
X4 2 in P (l, 1,6, 14,21) -1/42 + 0 . - 1 ,  IX + 0 . - 1 ,
X 4 2  in P(l, 2, 5, 14,21) -1/70 3 x + 0 . - 1 .  IX + 0 , 
2  x + 0 . - 1 . IX + 0 ,X 42 in P( 1, 3, 4, 14,21) -1/84
X44 in P(l, 4, 5. 13,22) -1/130 + 0 , - 1 . IX + 0 . - 1 ,
X4* in P (l, 3, 5, 16, 24) - 1 /12 0 2  x + ( 1 . - 1 , 1X + 0 ,
X30 in P(l, 7, 8, 10,25) -1/280 + 0 . - 1 , 2) ,+ 0 , - 1 , 
+ 0 . - 1 . 1 ). + 0 . - 1 , 
+ 0 . - 1 . 2) ,+ 0 , - 1 ,
X54 in P (l,4 , 5, 18,27) -1/180
Xw in P(l, 5 ,6 , 22. 33) -1/330
J-O .-l. 1). y ( l . - 1. 2)
, - 1 . 1) .+ 0 . - 1 . 1)
,lX -j+0 . - M )
-1 . 1). 2  X + (1 . —1, 1 ) .+ ( 1 .- 1 ,  1) 
3), -¡V(l, -1 . 2)
1,4)
1,3)
. 1). + 0 . 
. 1). + 0 .
+ 0 . - 1 . 1). - £ 0 . - 1 .3)
, IX + 0 , - 1, 1), + 0 . - 1 . 2)
- 1,
. 1). - + 0 . - 1 .3 )
+ 0 . - 1. IX + 0 . - 1. 1)
p 0 ,-1 .4>
+ 0 . - 1 , 1) .+ 0 . - 1 .3)
. I X + 0 . - 1 . 1)
+ 0 .-1 .1 )
, 1 ) , + 0 . - 1 .  3)
.IX  + 0 . - 1 .  IX + 0 . - 1 .2 )
-¡+(1.-1.3)
1 ) .+ 0 , - 1 .  3)
,+ 0 .-1 .1 ) .+ 0 .-1 .2 )  
,+ 0 .-1 .2 ) . + 0 .-1 .2 ) 
+ 0 .-1 .1 ) .-+ 0 .-1 .2 )
II 1.8.6 Codimension 2 Q -Fano weighted complete intersections.
There are 85 codimension 2 Q-Fano weighted complete intersections which satisfy the
conditions of Theorem III.6.4, a = - l  a n d £ a ,<  100.
Complete intersection * 1 Singularities.
X 2 .3  i n p 0 .  i . 1 , 1 . 1 . 1 ) -6
+ 0 . - 1 . 1 )X j.j ln P O . 1 , 1 . 1 . 1 . 2) -9/2
X3 4 in P (l, 1, -3 2  x + 0 , - 1 , 1 )
X4 4 in P (l, 1, -8/3 + 0 . - 1 . 1 )
X4>4 in P (l, 1, -2 4 x + (1 ,-1 ,1 )
X4.3 in P( 1,1, 1. 2, 2, 3) ■in + 0 . - 1 . IX 2  x + 0 , - 1 . 1)
X 4  « in P(l. 1, -4/3 2  x + 0 , - 1 . 1) 
6 x + 0 , - 1 , 1 )X4 4  in P( 1, 1, 2,2, 2. 3) •1
X3.4 in P (l, 1, 1.2, 3,4) -5/4 + 0 , - 1 , 1 ) .+ 0 . - 1 . 1)
Plurigenera of 3-folds and Weighted Hypersurfaces.
Complete intersection K \
X3, 6 in P (l, 1.2.2, 3. 3) -5/6
X t t in P U , 1.1,2, 3.5) -6/5
X6, 6 in P(l, 1.2, 2. 3,4) -3/4
X g .g inP d , 1.2, 3 .3 .3) -2/3
X*.6 in P ( l ,2 ,2,2. 3,3) -1/2
X 6i7 in P (l, 1,2, 2 .3 .5) -7/10
X n  in P d . 1.2. 3 .3,4) -7/12
X«,, inP (l, 1 .1 .3 ,4 ,5 ) -4/5
X*., in P (l, 1.2.3. 3,5) -8/15
X6,g inP (l, 1 .2 .3 ,4 .4 ) - 1/2
Xg., inP (1 .2 .2. 3, 3,4) -1/3
Xg., inP (l, 1 ,2 ,3 ,4 ,5 ) -9/20
X7.g inP (l, 1.2, 3 ,4,3) -7/15
Xg, to in P(l, 1 ,2 ,3 ,5 .5) -2/5
Xg, io in P(l, 2, 2, 3. 4. 5) -1/4
X1 9  in P(l, 1.2, 3 .4.7) -3/7
Xg 9 in P( 1. 1,3, 4, 4. 5) -3/10
Xg 9 in P(l, 2, 3. 3.4, 5) -1/5
X,, jo in P(l, 1, 2. 3. 5,7) -8/21
Xt, ,o in P(l, 1 .2 .4 .5 .6) -1/3
Xg.,0 in P (l, 1 .3 .4 .5 .5 ) -4/15
Xg, io in P(l, 2, 3 ,4 .4 ,5 ) -1/6
X9, ,0 in P(l, 1.2. 3,5. 8) -3/8
X9, io in P(l, 1, 3 ,4 .3 ,6) -1/4
X9 io in P(l, 2,2. 3 .5 ,7) -3/14
X9 io in P(l, 2, 3 .4 ,5 ,5 ) -3/20
Xg, ,2 in P (l. 1. 3,4, 5,7) -8/35
Xg. ,2 in P (l, 2, 3.4, 5,6) -2/15
X9, ,2 in P (l, 2, 3.4, 5.7) -9/70
X io .„ in P (1 .2 . 3 .4 ,5 ,7 ) -11/84
X,o. 12 in P(l. 1 .3 .4 ,5 .9 ) -2/9
X,0. i 2 inP (l. 1.3. 5 ,6 ,7) -4/21
Xio.t2 in P (l. 1.4, 5 ,6 ,6) -1/6
X ,0, 12 in P(l, 2, 3 .4 ,5 , 8) -1/8
X ,0, 12 in P (l, 2, 3 .5 ,5 .7 ) -4/35
X |0 ,i2 inP (1 .2 .4, 5 ,5 ,6) -1/10
X 10.i2 inP (1 .3 , 3 .4 ,5 .7 ) -2/21
Singularities.
3 x ¿(1.-1. IX 2» «1.-1, 1)
«1,-1,2)
-JO.—1. IX* *«1.-1.1)
4 x «1,-1, 1)
9 X «1,-1, 1)
«1.-1,2), 3 x «1.-1. 1)
4(1, -1. 1). «1. -1.1), 2 x «1, -1.1)
«1.-1.1)
«1,-1.2), 2» «1.-1. 1)
2 x «1,-1,1), 2 »«1.-1,1)
6 x «1,-1. 1), 2 X «1,-1, 1)
-JO. -1. 1). «I. —1. 2), y(l, —1, 1)
« 1 .  -1 .1 ). {<1, -1 . 1). 2 x  X<1, -1 , 1)
2 X «1,-1, 2)
«1,-1,1),7 x «1,-1, 1)
«1. -1.2), 2 x «1,-1, 1)
«1,-1. tx 2 »«1.-1.1)
|(1, -1.2). 2 x «1. -1,1). 3 x «1, -1.1)
« 1 , - 1 .  IX « 1 ,  - 1 .3 )
« 1 . - 1 .  IX 3 »  « 1 . - 1 . 1 )
«1,-1,1X2 »«1.-1.1)
«1.-1,1). 4 x 1(1, -1,1), 2 x JO. -1,1) 
«1.-1. 3). «1.-1.1)
« 1 . - 1 .  IX « 1 , - 1 .  IX « 1 . - 1 . 1 )
«1, -1,3). J x «1,-1,1)
«1,-1.1). 2 x «1,-1. IX 2 x «1.-1.2) 
«1.-1. IX «1.-1.2)
«1,-1,1). 4 x «1,-1,1). 2 x «1,-1,1) 
«1, -1, 2), «1, -1.2), 3 x «1, -1,1) 
«1.-1.1). «1. -1,1). «1. -1.3). 2 x «1 
«1,-1,2). «1.-1, 1)
«1,-1. IX 2 X «1.-1.1)
« 1 . - 1 ,  IX 2 »  « 1 . - 1 . 1 )
«1, -1.3). 3 x «1.-1. IX «1. -1.1)
« 1 , - 1, 1 X2 » « 1 . - 1 . 2)
3 x «1,-1,1). 2 x «1,-1.1)
«1.-1,2), 4 x «1.-1,1)
A. R. Fletcher.
Complete intersection
* 10.12 in K  1.3. 4. 4> 5. 6) 
*n . 12 i» *1 . 1.4. 5, 6. 7)
*  ,o. ,4 >n P (l , 1, 2 ,3 ,7 ,9 )  
Xxo. U in F (l. 2 ,3 .3 ,7 ,7 )  
* ,a  u  in PU . 2 ,4 ,5 ,6 ,7 )  
*io. is in FU . 2. 3 .3 .7 . 8) 
* a  13 in FU . 3 .4 .3 ,6 .7 )  
* 12.14 in PU . 1 .3 .4 .7 .1 1 )  
* t x  14 in F U . 1 .4 .6 .7 . 8) 
* 12.14 in F ( l . 2 .3 .4 ,7 .1 0 )  
* a  ,4  in F U . 2. 3 .5 .7 .9 )  
* U  ,4  in PU . 3 .4 .3 .7 .7 )  
* a  u  in FU . 4 .4 . 3 .6 .7 )  
* a  u  in P(2, 3 ,4 , 3 ,6 ,7 )  
* 1X is in FU . 1 .4 .3 .6 .1 1 )  
* , 2. u  in FU . 3 .4 . 3. 6 .9 ) 
* 12. is  in FU . 3 .4 .3 .7 .  8) 
* 1X i* in FU . 2. 3 .6 . 7. 8) 
*14. is in FU . 2 .3 .3 .7 .1 2 )
*14.13 in FU . 2 .3 .6 .7 .9 )
*14. is in FU . 3 .4 .3 .7 .  10) 
* , 4 . is in FU . 3 .3 .6 .7 .  8) 
* i4 .ié  in PU . 1 .5 .7 . 8 .9 ) 
* 14. u  in PU . 3 .4 . 3 .7 .1 1 )  
* ,4 . i* in  FU . 4. 3 .6 .7 .  8) 
*13. lo in  PU . 2 .3 .3. 8 .13)
*  u , ,* in PU . 3 .4 . 3. 8. 11) 
* , 4 . ,«  in P U . 2 .3 .7 .9 .1 1 )  
X  ,4 . 1« in F U . 2 .6 .7 . 8 .9 ) 
* 12.20 in F U . 4. 3 .6 .7 . 10) 
* ,« . io in FU . 1.6. 8 .9 . 10) 
* ,* . „ i n  FU . 4 .6 .7 .  S. 9) 
* 11.20 in PU . 4 .3 ,6 ,9 .  14) 
*11.20 in FU . 4. 3. 7 .9 . 13)
* u .2 0  in FU . 3. 6 .7 .9 .  11)
*14.22 in FU . 2. 3 .9 .1 1 . 13) 
* 20.21 in FU . 3 .4 ,7 . 10. 17)
- 86-
* 1
- 1/12
-11/70
-2/9
-2/21
- 1/12
-3/36
-13/210
-2/11
- 1/8
- 1/10
-4/43
-2/33
•1/20
-1/30
-3/22
-1/18
-3/56
-2/35
- 1/12
-1/18
- 1/20
-1/24
-4/43
-8/165
-1/30
-1/13
- 1/22
-2/33
-1/24
-1/33
-1/15
-1/42
-1/42
-2/91
-4/231
-2/65
-1/34
Singularities.
2 X f l .  -1. 1). J X f l .  - 1 ,1), f l ,  - I . 1)
+ 0 .-1 .1 ), f  I.-1 . l ) . f  l . - l .  1)
4 0 . - 1 .4
+ 0 ,-1 . l ) . 2 x f l . - l .  3)
•U l.-l. 1). f l .  -1. D-Sx f  l . - l . 1)
Î l . - 1 . 3 ) . f l . - 1 . 3 ) . f l . - l .  »  i. - i .  î). f  i. - i .  2). 2 X f  i. - î .  a  f i .  - i .  i) 
+ 0 . -1 .  S)
f  i . - i .  a f  i . - » .  a f i . - i .  O
X ( l , - l , 3 ) . 4 x f l . - l .  »
f u . -1.2),-1-0. -1 .4). f l ,  -1.1)
+ 0 . -1.2), 2 X + 0 . -1 ,2)
f i .  - i .  a  3 X f i ,  - i .  a  2  » + o . - i .  î)
f l ,  -1.2), 7 X f l ,  - I .  a  2 x f l .  -1 .1)
Îi o . - i . a - i + i . - i . i )1 .-1 .D .3 X  i< i. - i .  a  |<i. - î .  »
1.-1.2). f l . -1 .3 ).+ 0 .-1 .1 )
1. -1.2). f l .  -1. a  4 X f l .  -1 . 1)
•M l.-1.3). f l . -1. H  f l . -1.1) 
f l .  -1. a  f  l . - l .  4). 2 x f  1, -1. 1)
f i . - i .  a  - f i .  - i .  ix  f i .  - 1. 2)
t+ o . - 1. a  f  1. - 1.3). 2 * f l .  - 1. 1) l , —1.2). f  1,-1,1) 
i . - i .  a f i . - i .2 ) . - ¡ V < i . - i . 3 )  
f i .  - î ,  2). f  î . - i .  a  f i .  - i .  a  2 X f i ,  - i .  i)
- i - ( l . - 1 .3 ) .2 x f  1,-1.1)
X o . - 1 .4 ) .2 x f l . - l .  1) 
J f l . - l . 5 ) . 2 x f l , - l . l >
f i .  - i .  a  s »  f i .  - î .  a  f i .  - î .  i)
f l .  -1.2). 2 X f l .  -1. a  2 X f l .  -1 ,1)
Í H . -1, a  f i .  - i . i ) .  f i .  - i .  »  i. - î .  a  2 X f i ,  - i .  a  2 X f i .  - î .  a  f i .  - î .
X (l, -1.3). 2 X f l .  -1.1). f l ,  - 1 .1)
f l .  -1.3). -Ml. - I .  » 
f  1,-1. S).-j-O.-1.2). f l . -1,1) 
f l .  -1. D .M 1 .-1 .»  
i o . - 1,5). ■ -O.- 1. 1)
Plurigenera of 3-folds and Weighted Hypersurfaces. -87-
Complete intersection K \
* i «.30 in P( 1.6. 8.9. 10,15) -1/120
*24.30 in P(l. 8.9 . 10,12.15) -1/180
Singularities.
III .9  The Reid Table M ethod
Consider a complete intersection Xdi.... ^  in P(a0, .... an). The Poincar6 series (see
[WPS, section 3.4] and compare [A&M, 11.1]) corresponding to the coordinate ring R of X 
it:
Moreover if to* = Cfc(l) then iP(r)= £  /?.(*)»". where />„(*) are the plurigenera of X. In
the case of a Q-Fano 3-fold with cp* = C ^(-l) then iP(f)= £  P-n(X)tn, where /*_*(*) are the
anti-plurigenera of X.
111.9.1 Example. X 6 in P4 has Poincart series
a - » ) 5
S o p , - l , / i  = 5 ,f i  = 15,elc..
111.9.2 Question. Given a list of plurigenera (which could arise from a record of pluridata) 
does there exist a complete intersection with to* = Qf(±l)?
The following lemma due to Reid helps answer the above.
111.9.3 Lemma: Given a sequencePo- l .P i ,  P i , ... such that
4>(r)« £  h°(X, Qir(«))l"
n ( i - t * )
A. R. Fletcher.
for some {dt, a j .  Then these {dj, a j  are unique up to a, #  dj and are determinable.
Proof. The following is a constructive proof. Let q? = Pi -  So
s « v -
£> n a - f ' )
Without loss of generality assume that dc > ...> d \ and aH >...>ao- Clearly we may 
assume a g * d  \ or else these two terms would cancel. There are two cases:
(i)flo < d \.
Let ao occur with multiplicity p. Then iP(f) = 1 + ¡it“0 + higher order terms. So the 
first non-zero q® is q °0 = p >0. Define q* = qf*- q£*0, where q?  = 0 if i <0. Then 
1- Thus
Z i ! 1« ' - ! :  <4°
i=0 1=0
-  a - » - ) £ « , v
1=0
no-»*)
n o - i * 1)
This then involves one less a,-.
( ii)d t < ao-
Let d  i occur with multiplicity p. Then !P(f ) = 1 -  p/ 1 + higher order terms. So the 
first non-zero q(° is q$x = - p  < 0. Define q* = <7,° + q ^ ,  for / = 1,2,... where q f  = 0 if 
i <0. This corresponds to:
- L ( * 1 +
lmo
a (|- ,4)
n ( i - i ' )i-0
This involves one less d,.
Repetition of the above steps clearly terminates when
I f A ' - i
By induction on the number of {ai J and [dj) it is clear that the process uniquely determines 
the a, and dj.
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□
m .9 .4  Note. So the proof of the above Lemma allows us to construct a weighted complete 
intersection from a list o f  ‘plurigenera’. If the lists <7,m of integers are written as the columns 
of a table, the process is clearly defined. The integers at the head of each column keep track 
of the a,- and -dj.
111.9.5 Example. Consider the record of pluridata AT3 = -g-, X = 1. Pg = 0. 9 singularities of 
type y ( l ,  1, 1) and 8 singularities of type y (2 , 1,1). The table obtained is the following:
n Pn (2) (2) (3) (3) (3) (4) (-6) (-12)
0 1 1 1 1 1 1 1 1 1
1 0 0 0 0 0 0 0 0 0
2 2 1 0 0 0 0 0 0 0
3 3 3 3 2 1 0 0 0 0
4 4 2 1 1 1 1 0 0 0
5 6 3 0 0 0 0 0 0 0
6 11 7 5 2 0 -1 .1 0 0
7 12 6 3 2 1 0 0 0 0
8 19 8 1 1 1 1 0 0 0
9 25 13 7 2 0 0 0 0 0
10 32 13 5 2 0 -1 0 0 0
11 41 16 3 2 1 0 0 0 0
12 54 22 9 2 0 0 -1 -1 0
13 64 23 7 2 0 0 0 0 0
14 81 27 5 2 0 -1 0 0 0
15 98 34 11 2 0 0 0 0 0
16 117 36 9 2 0 0 0 0 0
17 139 41 7 2 0 0 0 0 0
18 166 49 13 2 0 0 1 0 0
19 191 52 11 2 0 0 0 0 0
20 224 58 9 2 0 0 0 0 0
This gives X^' 12 in P(2, 2, 3, 3, 3,4), which has the above record.
m .9 .6  Note. Of course this method cannot tell the difference between X 6  in P (l, 1, 1, 2) 
and the example of V. Iliev X 3 6 in P (l, 1, 1,2,3), in which the cubic relation does not 
involve the degree 3 generator.
III.9.7 Warning. Although in general it is clear when this process stops, it is not clear 
when it is worth continuing with a particular list of integers.
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II 1.9.8 The analysis.
This process is basically the same as that in section III.4.4 on the coordinate ring 
R = ®^Rm. Starting from the dimensions of each Rm the degrees of the generators and rela­
tions can be found. At each stage it is assumed that the monomials are linearly independent 
unless
(i) there already exist relations of a lower degree, or
(ii) a relation is forced by the dimension not being large enough.
For the above example we have the following analysis:
Degree Dimension Monomials
0
1
1
0
1
0
2 2 xo.Jti.
3 3 y o .y i.y * -
4 4 X q , X oX i , X i , X.
5 6 Xqy0 . x 0y  1 . X0 v2. X iyn, x  ,y , ,  x  ,y2- 
x l x \ ,  Jen*?, Jtf, y l ,  yo>i. yo>2.6 11 1 relation.
If this calculation is continued only one more relation is found, which is of degree 12
ni.9 .9  Canonical 3-fold com plete intersections.
The formula:
m -  3(1 -  pt ) + 1(2)
limits the value of pg (since K.\ > 0) and defines K \ in terms of a particular basket of singu­
larities and
111.9.10 Q-Fano complete intersections.
The formula:
+ 3 - / ( 2 )
defines K \ in terms of a particular basket of singularities and P-\.
II 1.9.11 The search. The search through all combinations of P > 0 (Pi = P for canonical 
3-folds and P -\= P  for the Fano case) and baskets will give every possible list of plurigenera 
(respectively anti-plurigenera). Hence a list of canonically (respectively anti-canonically) 
embedded complete intersections can be found. Of course this is not a finite search.
The program totalsearch.c, which performs this search, is found in the appendix (see 
section III. 10.9). Let Q, for i =  0, 1,... be a list of the types of 3-fold cyclic quotient singu­
larity — (1, —1, a)  in order of increasing index r  and increasing a  within each index. So 
Qo ~ y ( l .  1. 1). Q l *  y ( l , - l .  1). etc.. The program totalsearch.c takes 2 integer argu­
ments / and u, and searches through all baskets {n* x Q t) such that / < ¿n<(n< + 2 ) < u.
Plurigenera of 3-folds and Weighted Hypersurfaces. -91-
n i.9 .12  The raw lis t
Here is the first part of the list produced by the search program (with arguments 0 8).
X 6 in P( 1, 1. 1. 1.3)
X 12 in P( 1, 1, 1,4, 6)
X4 in P(l. 1, 1 ,1 ,1)
X5 in P (l, 1. 1, 1,2)
Xa in P (l, 1, 1 ,2 ,4)
X 10 in P (l, 1 .1 .3 ,5 )
X1 3 in P (l. 1 ,1 ,1 ,1 ,1 )
X3 j  in P (l, 1 .1 .1 ,1 ,2 )
Xj 4 in P (l, 1, 1,1 ,2 ,2)
X6 in P (l, 1. 1 ,2,2)
X4 4 in P (l, 1. 1,1,2, 3)
X7 in P (l, 1, 1,2, 3)
X9 in P (l, 1 .1 .3 ,4 )
X2. 2.2 in P (l, 1 . 1 , 1 . 1. 1. 1)
X6 6 in P (l. 1. 1,2, 3, 3)
X 12 in P( 1, 1.2. 3.4)
X4 4 in P (l, 1 ,1 ,2 ,2 .2 )
X ,0 in P (l, 1 ,2 ,2 . 3)
X4 s in P (l, 1. 1.2. 2,3)
X ,g in P( 1, 1,2, 6,9)
X4 4 in P (l, 1,1 ,2 , 3, 3)
Xj 6 in P (l, 1. 1,2, 3. 4)
X6 g in P (l, 1, 1,3,4, 5)
111.9.13 Refinement.
Of course this list contains complete intersections already obtained in other ways (see 
sections III.7 and III.8) and some intersections which do not meet the requirements; i.e.
(1) dimension 3,
(2 ) quasismooth but not the intersection of a linear cone with other hypersurfaces,
(3) well-formed,
(4) canonically or anti-canonically embedded,
(3) and have at worst terminal singularities.
The example X 6,22 in P(2, 2, 3,4, 5, 11) from the raw list is not quasismooth, since the poly­
nomial of degree 6 does not involve the generator of weight 5. We use the following lemma 
to cut out a large number of elements from the raw list produced by the search program.
111.9.14 Lemma: Let Xdx....dt in P(ao......<*«) be quasi-smooth but not an intersection o f a
linear cone with other hypersurfaces. Suppose also that d \ , .... dc and a0,.... an are in 
increasing order. Then:
(l> dt >am,d c- l >am- i . . . . .d i >an-<+i .
A. R. Fletcher. -92-
(U ) i f  d e - 1 < a„ th e n  a *K .
Proof. (0- Suppose dc > an......> <**-k+l and dc-k < an-k for son* * = 0,.... c -  1.
So di < anHk for all i < c -  k. Therefore the polynomials ,.... f,-k  do not involve the vari­
ables .... xH. Let n  be the coordinate (k + l)-plane in A"+1 given by
x0 = ... =  0. So .... i,_* are identically zero on II. Define
Z = (jE-t+i = ... =  jf = 0)rII. Thus dimZ > 1 and so Z — 0 is nonempty. Let Q e Z-0. 
Then 3/ Idxj are zero at Q for all / < c -  k and for all j. Therefore
d//d*o(C) -  d /  lèxH(Q)
rank i < k< c.
dX/dx0(0 ) ... d£/d*,<G)
Thus Q e Cjf is singular and so X  is not quasismooth.
(Ü) is treated likewise.
□
II 1.9.15 Example. So a codimension 2 complete intersection Xdldj  in P (fli,..., an), 
which is quasismooth and not the intersection of a linear cone with another hypersurface, 
satisfies:
(i) d 2 >a„ a n d d , >aH- X.
(Ü) ifd 2 < a „ th e n f l .te .
So this lemma give extra conditions to help remove nasty complete intersections.
The program was run between the limits 0 and 32 and gave the following list (after cut­
ting out repetitions and nasty complete intersections):
Complete Intersection *}
X 2 2 2 m P(l. 1 -8
x 2 2 4 in p (i, i 1.1.1.1,1) 16
*2.2.6ÌnPO. 1 1,1. 1.1, 3) 8
4 2, 3, 3 in P( 1, 1 1.1.1.1.1) 18
*3 .3 .3 !» PO, 1 27/2
*3,3.4 in PO, 1 1, 1,1.2,2) 9
*3,4,4 in PO, 1 6
*4.4,4 in PO. 1 16/3
*4.4,4 in PO, 1 1,2,2,2.2) 4
*4.4.3 in PO, 1 1.2.2.2. 3) 10/3
*4,4,6 in PO. 1 1.2,2,3, 3) 8/3
*4.4,6 in PO, 1 2, 2.2.2, 3) 2
*4.3,6 in PO, 1 2, 2.2. 3, 3) 5/3
*4.6,6 in PO, 1 2,2. 3, 3. 3) 4/3
*4 ,6 , 6  in PO. 2 2,2.2. 3. 3) 1
*5,6,6 in PO- 1 2,2. 3, 3.4) 5/4
*5,6,6 in PO, 2 2. 2, 3. 3. 3) 5/6
pg Singularities.
0
7
6
7
6 4 (1 ,- 1 .  1)
5 2 x 4 (1 .-1 .1 )
4 4 x i ( l .  1.1)
4 4 (1 ,-1 .1 )
3 8x4(1 , -1 ,1 )
3 4 (1 .-1 . 1), 4x1(1,1.1)
3 2x4(1 , 1-. 1)
2 12x4(1, 1,1)
2 2 x 4 -0 .-1 .1 ). * t} ( l .  1.1)
2 4x1(1 , -1 ,1 )
1 18x4(1, 1,1)
2 4(1,-1 .1 ). 4x4(1,1.1)
1 4 x 4 (1 ,-1 , 1), 9x4-0 ,1 ,1 )
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Complete Intersection * 1 P* Singularities.
* 6. 6.10 in P(2. 2. 2. 3. 3 .4 , 5) 1/4 0 2 ( 1 ,- 1 .  1), 2 2 x 2 (1 , 1,1)
¿ ( 1 . - 1 , « .  1 3 x i ( l ,  1 .1)*6,6.6 in P O . 2 ,2 , 2 , 3. 3 ,4 ) 3/4 1
*6,6,6 iaP (l»  2 ,2, 3. 3. 3. 3) 2/3 1 8 x 2 ( 1 ,- 1 ,1 )
* 16.6 in P a  2 .2 . 2 . 3 . 3. 3) 1/2 0 27 x  2 .(1 .1 ,1 )
* 6. 6,7 in P ( l,  2 ,2 . 3, 3, 3 .4 ) 7/12 1 2 ( 1 ,- 1 ,1 ) ,  4 x 2 ( 1 , - 1 ,  « ,  4x2 (1 , 1, «  
} ( 1 . - 1 . 2)
2 (1 .  - 1 ,1 ) .  8 x 2 (1 , 1 ,1)
* 6 ,6.8 in P ( l.  1 .2 , 3, 3 ,4 ,5 ) 4/5 2
*6,6, t  in P(1. 2, 2, 3, 3, 4 .4 ) 1/2 1
*6,6.6 in P (2 ,2 .2 ,3 ,  3. 3 ,4 ) 1/3 0 1 8 x 2 ( 1 ,1 ,1 ) ,  4  x  2 (1 , —1,1)
*6,7.8 in P (1 .2 , 2. 3. 3 ,4 ,5 ) 7/15 1 2 ( 1 ,- 1 ,2 ) ,  2 x 2 ( 1 ,- 1 ,  1), 6 x 2 (1 ,1 , «
*6.6. io in P (1 .2 , 3. 3, 4. 5 .5 ) 4/15 1 2 x 2 ( 1 ,- 1 ,2 ) ,  2 x 2 ( 1 .- 1 ,1 )
2 x 2 (1 ,—1.1), 2 x 2 « , - 1 ,1 ) ,  14x2(1,1,1)*6,g. 10 in P(2, 2. 3. 3. 4. 4, 5) 1/6 0
* l t ,9 in F ( l.  2. 3, 3 ,4 .4 ,5 ) 3/10 1 2 (1 ,  - 1 ,2 ) ,  2x 2 ( 1, - 1 ,1 ) ,  2x 2 (1 . 1. «
*  6.10.12 in P(2. 3. 4, 4 . 5. 5 .6 ) 1/15 0 2 x 2 (1 ,—1,1). 2 x 2 (1 ,-1 ,1 ) ,  10x2 (1, 1. «  
2 x 2 (1 ,-1 ,2 ) , 2 x 2 ( l , - l , l ) ,  3x2 (1 ,-1 .1 ) ,  
4x2(1 ,1 ,1 )
* 6.9.10 in P(2. 3, 3 .4 , 4 , 5 ,5 ) 1/10 0
* 9. 10.12 P(2, 3. 3 .4 . 5 ,6 ,7 ) 1/14 0 2 ( 1 ,- 1 ,2 ) ,  6 x 2 (2 , 1. 1), 5x2(1 . 1. 1)
* 10. 11.12 in P(2. 3 .4 . 5. 5 ,6 ,7 ) 11/210 0 5 x 2 ( 1 , 1, 1 ) ,2  x  2 ( 1 , —1,1). 
2 x 2 ( 1 ,  - 1 ,2 ) ,  2 (1 ,  -1 ,3 )
* 10. a  u  in P(2. 3 .4 , 5. 6 .7 . 8) 1/24 0 2 ( 1 ,- 1 ,3 ) ,  2 ( 1 , - 1 .  1), 2 x 2 ( 1 , - 1 ,1 ) ,  
8 x 2 (1, 1, 1)
*  10, 12. is in P(3, 4. 5. 5. 6 .7 .9 ) 2/105 0 2 (1 ,-1 .1 ) ,  2 x 2 ( 1 ,—1.1), 4x 2 (1 ,—1,1) 
2 (1. 1,1 ) .  2 (1 , - 1 ,  1), 2  x  2 (1, - 1, 2). 
2 ( 1 ,- 1 .3 )
2x 2 (1, 1, 1 ) ,3 x  2 ( 1 , —1,1),
2 ( 1 ,- 1 .2 ) ,  2 ( 1 . - 1 ,2 )
* 1114.15 in P (3 ,4. 5 ,6 ,7 ,7 .  8) 1/56 0
* 1115.16 in P(3, 4. 5. 6 .7 . 8 ,9 ) 1/63 0
*1116. is in P(4, 5, 6 ,6 .7 ,  8 ,9 ) 1/105 0 2 (1 , - 1 , 1), -J4 1 .-1 , 1), 2 x 2 (1 ,-1 .  1),
6 x 2 ( 1 ,1 ,1 )
111.9.16 Note. After refinement there are no codimension 2 or 1 complete intersections left 
in the list.
111.9.17 Extra exam ple. The family of intersections * 2 . 2 , 2 . 2 . 2  in P 8 is smooth, K\ = 16, 
P , “  9 and x(Qr) - - 8 .
If the search were continued this would eventually appear; however the program 
becomes painfully slow.
III.9.1S Conjectures.
(1) There are no canonical complete intersections with codimension greater than 5.
(2) There are no Q-Fano complete intersections with codimension greater than 3.
\A. R. Fletcher. -94-
ni.9 .19 K3 surfaces. Reid has done a similar search to produce lists of K3 surface 
weighted complete intersections; using Riemann-Roch for Qs(l) (see [R4, Theorem 9.1]). 
This time the search is finite due to the following theorem pointed out by Reid:
m .9.20 Theorem: Let S be a K3 surface with canonical (Du Val) singularities o f types A%, 
or for i = 1,.... n. So £n,- < 19. This limits the singularities present on the K3 sur­
face to a finite list.
Proof. Let / :  T  —> 5 be a minimal resolution. T  is still a K3 surface. By [BP&V, Propo­
sition VHI.3.3] h1,1 = h1( i l f )  = 20. By the Signature Theorem [BP&V, Theorem IV.2.13] 
we have that the cup product restricted to H2(7\ R) is non-degenerate of type 
(1, hu ) = (1,19). Via the Niron-Severi group, the exceptional (-2)-curves of the resolution 
/a re  linearly independent in H1,1, each with negative self-intersection.
It is well known that a Du Val singularity of type An, D„ or En contributes exactly n 
(-2)-curves to T. Thus Y /i, < 19.
□
III.10 The search  p ro g ram s.
111.10.1 The language C++.
All the following programs are written in the C++ language (version 1.2), which is basi­
cally a superset of the C programming language (see [K&R]). [S] is a guide to C++. The 
programs were run on a VAX 11/750 with version 4.3 BSD UNIX.t C++ was used due to the 
existence of the user-defined type, called a class, which allows a lot of code to be hidden, 
simplifying the programs. For example the class ‘rational’ was defined as an triple of 
integers (n,p,  q)  corresponding to n +plq , along with the corresponding functions of addi­
tion, subtraction, multiplication, etc., and with the concepts of comparison (equality, greater
than, etc.). Other classes include ‘complete intersection’ (ie. X*,.....*, in P(ao.....<*«.)).
‘singularity’ (which contains the type of a 3-fold cyclic quotient singularity —(a , b, c )) and 
‘record’, which contains a record of pluridata (see Definition II.4.8).
111.10.2 rational.h.
I* Languagt C++ *1
I* H tm Jtr f li t  for f/M clmsi dtfittU um  afrmlummU •!
Maria*« <ermo.h>
t  UNIX is  a  tradem ark  at A T & T  B e ll L aboratories.
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•/
V
rrtHc
t whole -  0; num * 0; denom -  I;);
( whole -  a; num -  0; denom -  1;);
( whole -  0; num » p; denam « q; canoelO;);
l whole -  w; num = p. , V  cancelO;);
n urne ralor<ra Moaal ); 
denom inauir(ra(loaal); 
whole (rational), 
remmindeKraltonal);
pow(rationalA, lai);
Aaparalur«(aatreaaA. raUunal). 
Aoparalar»<MrcaaA. rallanaM )
I I I .10.3 w p _ sp a c e .h .
/• Langmtt: C**”
/• Haadar fúa for Iha cia» dafiaùtum of w ig Hud
A. R. Fletcher. -96-
«0;
*<k
»(tal);
»(la». W k
M ia a f r ia M la l*
«y  I— ( w p _ ^ a caAX
dm,en.,.n(wF «paca* PX 
weifhKwp apacaA P);
•p a ra la r  ! - ( w p ^ a c a á , wp_apaca*X 
• f v i t a r ^ a p  p t n á .  > r  p a o J l ) ;  
d u n l((w p a p ac e£ . lai);
™“*w p apacaA  P). 
p^MKwp apacsA  P).
«para lar< < (a1 ra a» A  i.w papaca*  PX 
•p a ra la r» ><l«*r«aiâ «,wp qpacaA PX
I I I . 10.4 C _ i n t . i l .
/* Htadtr filt for Ih» clam dtfutuum of
'« > f t
c _ M  (tot. I«** . wp«pac«A),
c j » l  (lai la i-  la i lai-), 
e i a !  (c_M A );
*>»o¡
e la i (laid ).
( w p ^ a c a * ) ;
•p a ra la r=(e I a l l  X
d innu i.n (c la i  CX 
codùnaniion(c_lal CX 
p ,(c _ l1  CX 
de,ra^c_to lA C X  
*e,,h.(* l a i *  CX 
an.bianKc_M CX 
ap«ra»arl-< c_ l1 A .«  MA), 
«para»ar ( c J I A .  e MAX
.m|J ilo.Irlt l a l l  CX "
K(c_lalA CX
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III.10.5 singularity.h.
/• Lmgmgt: C+ +
'* Header file for timgaUrUiu
(index=l; a(0|>l: a(l|— I; a|2|-l;);
a. M bb. Ill cc)
(index«; a(0|=ea; ■( 11 =*•>; »(2)=cc;),
Inline friend lnt*
III. 10.6 record.h.
/•Ltmgmgo:C+ +
/* Header fUe for record> (of ptur data)
•define NOTYPES 200
/*ao. of ty p t  o f ting in lim S
1*00 o f,  ,*g of typo SIH.
III.10.7 hyp.c.
The following program ‘ hyp.c ’ is used to search for 3-fold weighted hypersurfaces with 
only isolated quotient terminal singularities. Versions of this program were used to search 
for surfaces and curves. The technique is very basic, scanning through all the 5-tuples 
(so ».... ag) such that:
lower < <io + ••• + <*4 < upper.
A. R. Fletcher.
If the executable code is in ‘hyp’ then it is called via:
hyp upper lower amplitude 
where Kx  = Q* (amplitude). For example:
hyp 4100 1
will produce all the canonically embedded 3-fold hypersurfaces (i.e. the table in m.7.1 but 
without K\\,pg and the singularities) with
4 < a 0 + — + «4 <
Clearly this is not a complete search.
III.10.8 The source code.
/* Lang maga: C++ Program: hype • /
/• Program to search for 3-fold weighted hyparsmrfacaj */
/* in order af mcraaaiag mama ■ a/0) * ... ♦ afd) 1
'•  Tha ampli!uda mmM ba apacifiad. *1
M adado « tr e a n J »
Meflae PASS 0
*•1 hcf(ta l« .talb );
ta l leni (tal a|). ta l d);
• t a  pnnl(lal e|l. ta l d);
•oM Mii(tal).
mandai erjc, efear •«!»(])
ta l a . e|6);
tal nun..*
ta l  *unu, «0, i l ,  >2;
r  ratnrn. Infoi 2 Magar,
!• laatsfor nom-canonica! tingi 
/* primu oat any kyparawfaca foamd 
I* axtla from program.
/• Rapraaanu X(d) ia Pia).
main
/• Chacking for corraci ma of Ma roména •/
»(a^ta 4)
t
cerr« "Uteje: * «  »rgv|0| «  ’ lower upper anplnudeNn",
'•  Impm of limila and ampUmda V
Mcenf(«i»| 11. -*d-. A lower); 
eecenf(e,v|21.-*d-.*upperX 
Mceai(eriy|3|. -*T. ¿amplitude);
f  Urna marching loop • /
far (e|0| .  li e|0| <- -m a *.  * *  e|0|)
(
•0 -  nana -  e|0|.
fa r  ( .[I l  -  a(0|; a (l| < - «04; ♦♦e|l|)
I
• I -  «0 -  a| I );
fa r  <a(2] -  « d b  e |2 | < - .1/3; ♦♦^21)
(
«2- i l -M2);
far  (a)3) -  M2); M3) < - t ifi.  ♦♦M3|) 
I
M 4 |- t ì - M 3 |;
•f (a|4 | >- a|3 |)
(
Plurigcncra of 3-folds and Weighted Hypersurfaces. -99-
I* Tuiaif for X(d) M P(a) lo ho**
/* only urimimi tiniolariliot.
lf(le»l(o,d)~ PASS)
(
/ •  Ompot of kypomrfoco X(é) è, Ha). •/
pri>K».<*X
/* Tostimi for lormimal ring al iho torneai
for 0  -  «k j < 5 * * ( d -« U »  *  Mi) I -  0; +of)
for (m -  0; m < 3 (m ■■ 11 m •• o|i| I (a|m) ♦ ampluudc) % a(i] 1-0);
/•  Tulimt for lormimal sm,, alami F*j
V (d « h 2 l -0 )
ro tar»  4;
for (»■ -  0; ■  < S I t i  ( «  — i > m — j N (o|m) ♦ ompliiude) *  h2 I-  0>, ♦♦m)
»
»
)
!• Ottipn of kyparnsrfaca X(d) ia Ha) 
ta M p n « (l» to lS ].M d )
: "XC «  d «  ”) I»
e o o «  T f  «  o(0) «  ", " ■
c o « «  ", " «  a(2| «  ", " <
«■IH»
«•131.
oo«« ", ’ «  o|4] «
/•  Thù torlo hyporsorfacss im woifhlod projoclivo 
/* spoeti lo ta to  omly isolai,J luminal smgularilios
•I
•/
ioni (lai a O .M d )
I
te sti
amplitude « d -  o|0| -  o(l) - 1(2| -  o(3) - a |4|;
lf< d < - o (4 |ld < -0 )
r o r ( i - 0 ; i< 5 ;* + i )
ir (d« Oli] 1-0)
■rem —S)
for ( j - U  1;J < 3; ♦♦])
h2-hcf(o|i].o(j)k
K(h2l- I)
■reno — 9)
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for (m ■ j ♦ 1; m < 5; ++m)
If (hcf(h2, ■(<"]) 1* 1)
16;
I
»
i PASS;
III.10.9 Totalsearch.
This program searches through every combination of baskets of singularities and P to 
find (anti-) canonically embedded 3-folds (see section m.9.11).
¿define MAXCOL 50 
¿define MAXROW 31
¿define TRUE 1 
¿define FALSE 0
enM ««(record». Ini. Ini. Inf);
raid iouhe«(recordA. Ini);
c_lnl tablet* «(In t p(|. Ini);
maindnt arge. chnr *»rgv| |)
rnilnaal p. B(NO_TYPSS); 
If (arge < 3 II arge > 3)
: "Utage: * «  argv|0)«  * [—R) lower upper ImaxopNi";
Rfleg ■ ON;
cert« "Urege: * «  ergv(0| «  " can only lake ihe flag -1C«’;
■■canf(argv|n|, "%d". »lower); 
•■canf(argv|n411. "%d". »upper);
•/
i <recnrdJi>
i <c_lnLh>
/•  Siut of iht tabU.
i. "*yp«. level. am; 
fin. end. Rflag -  OFF; 
n « 1, P. maxop = 0;
«*1*
»(argyllllOl— '-*)
*
»(«gvinm—to
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•f (»rjc “  Iff3)
t ■scanf(aigv[n+21, "%d". Arnuop);
)
/* Initializing singularity list.
R.S(01 = m agalarM yQ.l.l.l);
12(01 « 1(R.S(0), 2);
to r (ntype-1; mype<lower. ++ntype)
«
R Slmypel -  n«U_nn,(R.S(«n»-ll); 
I2(mypc) ■ l(R.S|mype), 2);
!• Starting mai" loop.
for (mype= lower. niype<uppcr. f+niype)
/• Initialization for uarch loop'—  ft
fin -  FALSE;
tor (i=0. i < mype; ++i)
Rj>|i) ■ 0;
/ • Start loop ■ 
white (fin —  FALSB)
(
P = ntype-tum;
fC aU afU 7)
P-0;
far (i-O. i<wype; •►fi)
I
p Rji(i]*l2|i);
•/
•/
•I
•I
•/
/•Q-fana
RK3 -  2*(3 -  p- P);
if (R.K3 <0)
(
R.chi.  1;
le«(R, P, maxop. Rflig);
/ • Canonical
for (R p* -  0; 3»R.p* < J-pfP; f+R-Pf)
R.K3 -  2*(3 -  p + P -  3’R.pg);
If (R.K3 > O)
I
R.chi -  1 -  R.p*; 
le«l(R. P. maxop, RfUg).
)
)
/•  End of March loop-; Hating and npdalr 
level ■ O,
end -  FALSE;
white (and —  FALSE AA level < mype)
( If («um+level» 1 >mype)
I
•/
•/
•I
i (level* I )*R.n| level |;
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I
nan ♦* level* 1;
♦♦Rjiltevei];
far (i-0: Kkevel. *-m)
end ■ TRUE;
)
I
I t (level >- ftfype)
fn  -TRUE.
I
/• N«U lÌHgulanty
»(«y!» 1-0)
I
R Stmypel -  «,._.m,(R S|n.ype-l |); 
Ulntype) -  l(R S|niype|,
I
I
»
void Mncwd* R,MP,W muop. tot RfU«)
I
If (RfU« — ON)
«
c o m «  T  a  " «  P  «  *, ’ «  R;
»«to uullreKrKwtá R. tot nuxop)
(
tot ptMAXROW);
tot k
c tot Q
€_tot PP -  wp_«p«f <0);
•/
•/
pm -*;
If (R.K3 > 0)
I
p O I-R -p *
P(21 -  Pim uiO U ); n  tk* n  of R
»(pPKO)
/* Cmlcolmlét thé piarigmuru corrctpatdmg 
P  lo thé récordR
to r (i«3; to MAXROW; *»i)
(
p(i| -  Pt enu.(R.i).
>
V (R.K3 <0)
I
Pdl-Pa-NMR.-Di
N (pO I<0)
retara.
1
1111
!
/* Calculates the aM.-plurtgensra
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qIMAXCOL]|MAXROW], a|M AXCOL|; 
deg|MAXCOI.I, wghtf M AXCOI.|; 
col-O. row-1;
l*
/* Initialise tabU. 
qlOHOJ.  1; 
q |0 |l l |  -pflfc
I* Extend table and lest for complete intersection. 
while (row < MAXROW-I AA col < MAXCOL-1) 
<
I* Extend table 
*(q|col||row| — 0)
I
I
pW “  Pgcnu«(R, -i);
>
»
/•  Error message if  RJC3 = = 0
coul« "bruited: Record: " «  R;
cout« "K numerically trivial.'«";
m m
)
/• Tests tbs list of (anti) pirn genera
/• Reim s lbs rains of PE f i t  Jade.
» (C U P P )
cout«C«"'n";
cout.nu.h();
1
/* TabU to determine poesibU complete intersection! 
/• for given parameters.
/* Returns tbs compUte intersection if successful or 
f* tbe value wp_space(0) if not.
•I
•I
•I
c_lmt uMctc.t(tel p(|. te l maxop)
t
gen. -  0. rain. -  0;
t)|0)|tow| -  pi row |.
fo r (W); kcoI, ♦♦!)
ar(«(ii>o)
q|i*l||row|.  q(i||row)-q(i||row-a|i)): 
q(i«l|(row) -  q| i||row|+q|i* I )|row+a(i|);
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/* Next column •/
♦♦col;
«W ♦+¡)
4(col](il -  0;
/* Tut for generator. 
IT (q[eol-ll[iow)>0)
q|col](po»|.qlcol-l|(ro*hl;
q(coi](row) -  q|col-l)|row)* 1;
If (col —  MAXCOL- 1)
/• Oulpul o f labli
1-0)
f u  (i-O. «col; ♦♦!)
NT ««PI « T ;
♦♦i)
fo r (H>. j<=col; »-»j)
cogl« N" «  q(j|(i);
/* Separation of degrees and weights 
fa r  (1-0, H k  Kreta.; ♦+!)
I
white (.|j]>0)
f - r  (1-0, j-O. Kfani; ♦♦!)
(
w«U(.ül<0)
»•M il -  «(fl; *
V
•I
V
..dcMcn.-l.wght);
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